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Recent experimental advances in single-molecule enzymology stimulated many efforts to develop single-
molecule kinetic theories of enzyme catalysis, especially for the classic Michaelis—Menten mechanism. Our
group recently studied redox catalysis by single metal nanoparticles at single-turnover resolution. Compared
with enzymes, which are homogeneous catalysts and have well-defined active sites, nanoparticles are
heterogeneous catalysts and have many different surface sites for catalysis. To provide a theoretical framework
to understand nanoparticle catalysis at the single-molecule level, here we formulate in detail the single-
molecule kinetic theory of a Langmuir—Hinshelwood mechanism for heterogeneous catalysis, which includes
the multitude of surface sites on one nanoparticle. We consider two parallel product dissociation pathways
that give complex single-molecule kinetics of the product dissociation reaction. We derive the probability
density functions of the stochastic waiting times for both the product formation and the product dissociation
reactions and describe their complex behaviors at different kinetic limiting conditions. We also obtain a single-
molecule Langmuir—Hinshelwood equation that describes the saturation kinetics of the product formation
rate over substrate concentrations and evaluate the randomness parameter of single-turnover waiting times.
We further compare the single-molecule kinetics between the Langmuir—Hinshelwood mechanism for
heterogeneous catalysis and the Michaelis—Menten mechanism for enzyme catalysis and formulate the modified
single-molecule Michaelis—Menten kinetics with multiple product dissociation pathways. In the end, we suggest
that the Langmuir—Hinshelwood mechanism is also applicable to describe the single-molecule kinetics of
oligomeric enzymes that contain multiple catalytic sites. We expect that these theories will enable quantitative
analysis of single-turnover kinetics of heterogeneous and enzyme catalysis and provide a theoretical foundation
to understand the catalytic dynamics of nanoparticles and enzymes at the single-molecule level.

I. Introduction

Chemical kinetics is powerful to determine the catalytic
mechanisms of enzymes, small-molecule catalysts, and hetero-
geneous catalysts. By examining the catalytic reaction rate across
various reaction conditions, one can apply rate laws of chemical
kinetics and formulate kinetic mechanisms to gain quantitative
understanding of the catalysis. Traditionally, to determine a
catalytic reaction rate (v) in ensemble experiments, one measures
the time rate of the concentration change of a substrate or a
product during catalysis. Well-established ensemble kinetic
equations for various reaction mechanisms can then be used to
analyze the dependence of v on a reaction condition, such as
the substrate concentration [S], to formulate a working mech-
anism for the catalysis and quantify the associated kinetic
parameters. 2

More recently, advances in single-molecule techniques,
including single-molecule fluorescence microscopy, made it
possible to monitor the catalytic reactions of enzymes,> >
microcrystals,?® and nanoparticles?” at the single-molecule level.
Instead of monitoring the concentration change of the substrate
or the product to measure the reaction rate, a single-molecule
experiment follows individual catalytic turnovers in real time
and records the waiting times (7) for completing individual
reactions. While the individual values of 7 are stochastic, its
probability distribution and associated statistical properties are
defined by the underlying catalytic mechanism and the associ-
ated kinetic parameters. Single-molecule kinetic theories have
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SCHEME 1: Michaelis—Menten Mechanism for Enzyme
Catalysis”
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“ Fluorescence off- and on-states are denoted at each reaction stage
for a fluorogenic enzymatic reaction.

thus been developed to derive and analyze the probability density
function f(7) of 7 and its statistical properties, including the
reciprocal of its mean, [#(7', and its randomness parameter r
(defined as r = (#*00— [F()/[Z(3, where [Tldenotes averaging),
to probe the catalytic mechanism and quantify the kinetic
parameters.>*27 42

Among single-molecule studies of catalysis, enzyme catalysis
has been studied most.>~ Consequently, single-molecule kinetic
theory has been formulated for the classic Michaelis—Menten
mechanism in enzyme catalysis,>?734143 and most recently,
for generic complex single-molecule kinetic processes.* In the
classic Michaelis—Menten mechanism (Scheme 1), a substrate
S binds reversibly to an enzyme E to form an enzyme—substrate
complex ES before being converted to the product P (reactions
la and 1b); the product then dissociates to regenerate E for the
next turnover (reaction 1c, Scheme 1). Associated with reactions

U 2009 American Chemical Society

Published on Web 01/15/2009



2394 J. Phys. Chem. C, Vol. 113, No. 6, 2009

n
]
3 Ton
° —
(2]
= 7.
° ‘off
-
<]
=
o
time

Figure 1. Schematic single-molecule turnover trajectory showing off-
on bursts of product formation.

la and 1b and under steady-state approximation, the classic
Michaelis—Menten equation

Vmax[S]

V= 1

Ky +[S] M
describes the substrate concentration dependence of the en-
semble product formation rate v, which increases with increasing
[S] and eventually saturates t0 mpay.! Umex is equal to ky[Elr,
where [E]r is the total concentration of the enzyme, and Ky (=
(k=1 + ky)/ky) is the Michaelis constant and corresponds to the
substrate concentration at which v = v,,,,/2. In contrast, in single
enzyme measurements, the concentration of an enzyme is
meaningless; instead, an enzyme molecule has a certain prob-
ability at each of the states E, ES, and EP at any time and cycles
through these states repetitively. The reaction rate is described
by the statistical properties of the stochastic waiting times for
completing individual catalytic turnovers.

As an example, consider the experiment of single-molecule
detection of a fluorogenic enzyme reaction that operates by the
Michaelis—Menten mechanism in Scheme 1. Here an enzyme
catalyzes the conversion of a nonfluorescent substrate to a
fluorescent product, and the product fluorescence is detected
one molecule at a time in real time. Under constant laser
illumination during catalysis and detected at longer than us
timescales, the fluorogenic reactions of an enzyme will give
stochastic off-on burst-like fluorescence signals (Figure 1); each
intensity increase marks a formation of EP, each decrease marks
a dissociation of EP (free P diffuses away fast from the detection
volume), and each off-on cycle reports a single turnover. 7. is
then the waiting time for completing reactions la and 1b; 7, is
the waiting time for completing reaction lc; and these two
stochastic quantities are the most important observables in a
single-turnover trajectory and can be characterized by their
probability density functions fo(7) and f,,(7). It was shown that
the probability density function of Tug, fo(7), is>?%3!

kiky[S]

f;,ff(r) — T[e(bm)r _ e(b*a)r] (2)

where a =

\/ i(kl[S] +k_, + k2 — k,kylS]

and b = —(ki[S] + k—; + kp)/2. The functional shape of fo(7)
has an exponential rise followed by an exponential decay (Figure
2A); its delayed maximum at T > 0 indicates the presence of
the reaction intermediate ES. The reciprocal of the first moment
of fu(7), oI, represents the rate of the product formation.
With 0= [5°tfor(T)dT, it follows:

k,[S]

G0 =2
T T S]+ Ky

3)
where Ky = (k-1 + ky)/k,. Equation 3 resembles the ensemble
Michaelis—Menten equation (eq 1) and predicts the same
hyperbolic dependence of the product formation rate on
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Figure 2. f,i(7), @oT', and 7 of the Michaelis—Menten mechanism.
(A) Simulations of fy(7) from eq 2 (k;* = k[S]). (B) Simulations of
the [S] dependence of [Z,[0' from eq 3. (C) Simulations of the
randomness parameter 7o from eq 4.

the substrate concentration (Figure 2B) and, thus, was termed
the single-molecule Michaelis—Menten equation by Xie and co-
workers.?®

The randomness parameter for Tog, 7o, 1S @ dimensionless
measure of the temporal irregularities of 7. and is related to
the second moment of f(7):2%4~4

L @20 @0 _ ([STHE + ky)* — 2k k,[S]
o &0 (k,[S]+ k_, + ky)?

Fotf = 1 at [S] — 0 or [S] — o, and r.y < 1 at intermediate
[S] (Figure 2C). Xie and co-workers used serial Poisson
processes to illustrate the behavior of ryx:?%3! For a one-step
Poisson process with a rate constant k, f(t) = ke ™, 0=
1/k, and F*0— @13 = 1/k%* then r = 1. For a serial of n
Poisson processes of which every step has the same rate
constant k, that is, a complex reaction with n equivalent rate-
limiting steps, (t) = k""" 'e ¥/(n—1)!; then 0= n/k and
(#’0— [#03 = n/k?; thus, r = 1/n. The more rate-limiting steps
there are, the smaller r is. In general, 0 < r < 1 for serial
reactions, and its value reflects the number of rate-limiting
steps in the reactions. For the Michaelis—Menten mechanism
in Scheme 1, at [S] — 0 or [S] — o, the 7, reactions only
contain one rate-limiting step: substrate binding or catalytic
conversion, respectively; then r, = 1. At intermediate [S],
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Figure 3. Segment of a single-turnover trajectory of fluorogenic redox
catalysis by a single colloidal gold nanoparticle. Figure adapted from
Xu et al.”’

the substrate binding and the catalytic conversion are both
rate-limiting; then ro < 1, which indicates the presence of
the intermediate ES.

For 7,,, which contains the unimolecular product dissociation
reaction, its probability density function is f;,(t) = kze ™", a simple
single-exponential decay function with a fixed decay constant &;
and [#,,[7' = ks, representing the rate of product dissociation. The
randomness parameter for 7.y, 7oy, is always unity, because the 7,
reaction is a one-step Poisson process.?®*~#7 The overall turnover
rate [Z,; + 7,,(0" for the enzyme catalysis in Scheme 1 is then
@+ 7,0 = koks[S1/ [(k, + k3)[S] + k3K, which reduces
to eq 3, the single-molecule Michaelis—Menten equation, when
the product dissociation is fast (i.e., k3 > k). As the Michaelis—
Menten mechanism describes the kinetic behaviors of a large
number of enzymes, the above formalism has been particularly
useful in analyzing the single-molecule kinetics of enzymatic
reactions.>*7?

Recently, our group used single-molecule detection of fluoro-
genic reactions to follow the redox catalysis by single metal
nanoparticles in an aqueous environment.”’ By detecting the
fluorescence of the catalytic product at the single-molecule level,
we recorded real-time single-turnover trajectories of single colloidal
gold nanoparticles exhibiting stochastic off-on signals (Figure 3).
Compared with enzymes, which are homogeneous catalysts and
catalyze reactions at a well-defined active site, nanoparticles are
heterogeneous catalysts and have many surface —sites
for catalysis.* 3 The one-site, one-substrate model as in the
Michaelis—Menten mechanism is thus inadequate for single
nanoparticle catalysis, and a Langmuir—Hinshelwood mechanism
for heterogeneous catalysis,”! which considers the multitude of
surface sites on one nanoparticle, was used to interpret the single-
turnover kinetics of the catalytic product formation reaction by a
single nanoparticle. Our single-nanoparticle studies further identified
two parallel product dissociation pathways, and between these two
pathways, different nanoparticles have differential reactivity giving
rise to their heterogeneous kinetics in product dissociation. In this
paper, we formulate in detail the single-molecule kinetic theory of
the Langmuir—Hinshelwood mechanism for the catalytic product
formation reaction and of the product dissociation reaction com-
prising multiple pathways. We will describe the different behaviors
of f(r), @', and r under different kinetic conditions. We will
compare the single-molecule kinetics between the Langmuir—
Hinshelwood mechanism for heterogeneous catalysis and the
Michaelis—Menten mechanism for enzyme catalysis, and formulate
the modified single-molecule Michaelis—Menten kinetics contain-
ing multiple product dissociation pathways. In the end, we propose
that the Langmuir—Hinshelwood mechanism is also applicable to
describe the single-molecule kinetics of oligomeric enzymes that
have multiple active sites. We expect that the formulism developed
here will enable quantitative analysis of single-turnover kinetics
of heterogeneous and enzyme catalysis and provide a theoretical
foundation to understand the catalytic dynamics of nanoparticles
and enzymes at the single-molecule level.
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SCHEME 2: Langmuir-Hinshelwood Mechanism with
Two Product Dissociation Pathways for Heterogeneous
Catalysis*
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“ M represents a nanoparticle. n is the number of substrate molecules
adsorbed on the nanoparticle surface. nt is the total number of catalytic
sites on one nanoparticle. 6s is the fraction of the occupied surface
catalytic sites by the substrate. ’s are the rate constants. Fluorescence
off- and on-states are denoted at each reaction stage for a fluorogenic
reaction.

II. Single-Molecule Kinetic Theory of Heterogeneous
Catalysis

Scheme 2 shows the kinetic mechanism for a catalytic redox
reaction by colloidal gold nanoparticles.?” The catalytic product
formation reaction takes a Langmuir—Hinshelwood mechanism,
in which the nanoparticle catalyzes the substrate conversion to
product while maintaining a fast substrate adsorption equilibrium
(reaction 2a). After being generated, the product can either
dissociate via a substrate-assisted pathway, involving a presub-
strate-binding step (reactions 2b and 2c¢), or dissociate directly
(reaction 2d). The fluorescence state (off or on) is indicated at
each reaction stage. (Note that under the laser excitation
intensities in obtaining the data in Figure 3, photobleaching and
blinking of the fluorescent product do not affect significantly
the duration of the on-times.?’) In the following, we will
formulate in detail the single-molecule kinetics associated with
this mechanism.

IL1. 7,4 Reaction: Langmuir—Hinshelwood Mechanism
for Product Formation. I1.1.A. Probability Density Function
Jo(r). The Langmuir—Hinshelwood mechanism assumes that
the substrate molecules bind to the nanoparticle surface revers-
ibly and a fast adsorption equilibrium is established at all times
(i.e., the rate of substrate adsorption and desorption are much
faster than that of the catalytic conversion reaction), and that
the surface coverage of substrate molecules on one nanoparticle
is governed by the Langmuir adsorption isotherm.>' Based on
this mechanism, the reaction that takes place during the off-
times of a single-turnover trajectory of fluorogenic reactions
(Figure 3) is reaction 2a in Scheme 2:

Vay
Msn — MSn*l -

off-state on-state

P 5)

Here n is the number of substrate molecules adsorbed on the
nanoparticle surface at equilibrium; y.,, is the apparent rate
constant for forming one product on the surface of one
nanoparticle and takes the form®!

where y is the rate constant representing the intrinsic reactivity
per catalytic site for the catalytic conversion reaction. From the
Langmuir adsorption isotherm,’!
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where ny is the total number of the surface catalytic sites on
one nanoparticle, fs is the fraction of the occupied surface
catalytic sites by the substrate, and G; is the substrate adsorption
equilibrium constant that equals the ratio of substrate binding
and unbinding rate constants. Then we have

_ ynGy[S]

‘J/app = ‘ynTGS - H—GI[S] (8)

In ensemble measurements where the catalysis by many
nanoparticles is measured altogether in solution, the kinetic rate
equation for the reaction in eq 5 is

d[MS,_, — P]
dr

_dMs,]
B dr

= VapplMS, ] ©)
where M represents a nanoparticle, [MS,] is the concentration
of nanoparticles that do not carry any product, and [MS,—; —
P] is the concentration of nanoparticles on which one product
molecule is generated. The approximation of y,p, as a pseud-
ofirst-order rate constant here is valid, provided [S] is time-
independent (see below).

In single-turnover measurements of single-nanoparticle ca-
talysis, although the concentration of the substrate, [S], is still
a valid description, the concentration of one nanoparticle is
meaningless, and each nanoparticle has a certain probability at
either the MS, or the MS,—; — P state during an off-time. To
derive the single-molecule kinetics for a single nanoparticle,
the concentrations in eq 9 need to be replaced by the prob-
abilities P(f) of finding the nanoparticle in the states MS, and
MS,_; — P at time 73! Then, we have
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dPys () dPys (0
dr T

where Py (f) + Pus, —p(f) = 1. At the onset of each off-time
reaction (r+ = 0), no product molecule has formed. So the initial
conditions for solving eq 10 are Py (0) = 1 and Pys, ,—p(0) = 0.
In single-nanoparticle experiments, the depletion of substrate is
negligible during catalysis and [S] is time-independent; ¥4, can
thus be validly taken as a pseudofirst-order rate constant.

We can then evaluate the probability density of the time
needed to complete the off-time reaction, f,(7), that is, the
probability density of 7.¢. The probability of finding a particular
T is for(T)AT; and fo(T)A7 is equal to the probability for the

= ’}/appPMS”(t) (10)

nanoparticle to switch from the MS, state to the MS,—; — P
state between t = 7 and 7 + Ar, which is APyg _,—p(7) =
VappPwms,(T)AT. In the limit of infinitesimal Ar,
APy —p(7) yn:G,[S]
foft(r) - dr - yappPMSn(T) - 1+ GI[S]PMS”(T)
(11)
Solving eq 10 for Pys (1), we get
ynG,[S] ynG,[S]
= exp|— 12
Tl =G, 51 T TH Gy181” (12)

Clearly, regardless of the values of y, nr, or Gy, for(7) Will
show a single-exponential decay with the [S]-dependent decay
constant ynrG[S]/(1 + Gy[S]). At saturating substrate concen-
trations where all surface catalytic sites are occupied by
substrates, Os = 1 and fo(t) = ynr exp(—ynrt). Figure 4A plots
Jorr(T) at different values of ynr, [S], and G,. Figure 4B shows
the experimental distribution of 7, from a single-turnover
trajectory of gold nanoparticle catalysis at a saturating substrate
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Figure 4. f,;(t) and [F,uT" of the Langmuir—Hinshelwood mechanism for the catalytic product formation reaction. (A) Simulations of the
probability density function f(7) at different ynr, [S], and G, from eq 12. (B) Experimental 7. distribution from a single-turnover trajectory
of gold nanoparticle catalysis at a saturating substrate concentration ([S] = 1.2 uM).?” Solid line is a single-exponential fit; its decay constant
gives ynr. (C) Simulations of the [S] dependence of [F,(7! from eq 13 at different ynr and G,. (D) Experimental results of the [S] dependence
of [#.i0" of single gold nanoparticle catalysis, where each data point is averaged over many nanoparticles. Data are adapted from Xu et al.”’

Solid line is a fit with eq 13.
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concentration;?’ fitting this distribution gives ynp of this

nanoparticle directly.

II.1.B. Rate of Product Formation: B’,,ffB’. The first moment
of for(T), WorT= [0°Tfor(T) dT, gives the mean waiting time for
completing the catalytic product formation reaction; (3! then
represents the rate of product formation for a single nanoparticle:

_ ymGi[S]

@0 =——
" 14 G,[S]

(13)

This equation resembles the ensemble Langmuir—Hinshelwood
rate equation;®' we thus call it single-molecule Langmuir—
Hinshelwood equation. This equation describes the hyperbolic
dependence of [F.[J' on the substrate concentration with a
saturation to ynr at high substrate concentrations. To give a
physical interpretation of eq 13: The maximum product forma-
tion rate is reached when all surface catalytic sites are occupied
by substrates, and the reaction rate [Z,1' equals the reactivity
(y) per catalytic site multiplied by the total number (nr) of
surface catalytic sites. Figure 4C plots the [S] dependence of
[#oT! at different values of ynr and G,. Figure 4D shows the
experimental data of redox catalysis of gold nanoparticles;?’
fitting the data with eq 13 gives ynr and G;.

I1.1.C. Randomness Parameter r, ;. From eq 13, we can
obtain B’Offlj= l/yapp and Boff2D= Z/yuppz. Then Foff — (El%fflj—
@oii2)/EoA = 1, independent of [S]. This is consistent with
that fo(7) is a single-exponential decay function, which results
from that the 7. reaction of the Langmuir—Hinshelwood
mechanism only contains one rate-limiting step (Scheme 2 and
eq 5), equivalent to a Poisson process.

11.2. 7,, Reaction: Two-Pathway Model for Production
Dissociation. I1.2.A. Probability Density Function f,,(t). For
product dissociation, the mechanism in Scheme 2 includes
two parallel pathways: a substrate-assisted pathway involving
a presubstrate-binding step before product dissociation (reac-
tions 2b and 2c¢) and a direct dissociation pathway (reaction
2c¢). Thus, the reaction taking place during each on-time is
either

S

\ zsI
Ms, P

»
- MS -P MS
n ~ n
74 p

On-state On-state Off-state
(14a)

or

%
Msn-1'P T; Msn-1

On-state Off-state

(14b)

Under the assumption of the Langmuir—Hinshelwood mech-
anism that a fast substrate adsorption equilibrium is established
at all times, the MS,—; state will quickly turn to the MS, state
by binding a substrate molecule from the solution. We can show
that the probability density function f,,(7) is (Appendix A)

fon®= i[Mﬂ“‘” + Ne# =] (15)

where o = \/(71[S]+V—1+72+V3)2/4_(V1V2[S]+V—1V3+V273)’
B= —WIS]I+y_, v, +ty)/2, M= y,pI[S] + yso0 +
VB T vy T vy and N = = pop[S] + y00 = v —
Y3V-1 — ViVa
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Depending on the substrate concentration and the magnitudes
of the individual rate constants, f,,(7) will exhibit different
shapes. Here we consider f,,(7) in five limiting regimes. (i)
Complete shutdown of the substrate-assisted dissociation path-
way, that is, y; = y—; = y, = 0. Equation 15 then reduces to
Jon(T)y, = y_, = y,=0 = Y3e 7%, which is a single-exponential decay
function with a decay constant y; (Figure 5A). (if) Complete
shutdown of the direct dissociation pathway, that is, y3 = 0.
Equation 15 then becomes fou(7),,—0 = (y172[S120) [e#+0T —
e#~97] where a,,,—0 = ~/(71[S] + y—1 + y2)%/4 — y1y,[S] and
By=o = —ilS] + y—1 + /2. fou(T),=0 contains two
exponentials and shows an exponential rise followed by an
exponential decay. Particularly, at 7 = 0, fou(7),,=0 = 0; this is
due to the existence of the kinetic intermediate MS,, — P after
the substrate-binding step, which imposes nonzero waiting time
for completing product dissociation and leads to the delayed
maximum at 7 > 0. Figure 5B plots f(7),,= at different y,°
(= v1[SD), y-1, and y,. Depending on the relative magnitudes
of these rate constants and on the experimental time resolution,
the initial exponential rise of fon(T),,=0 may not be experimentally
resolvable. (iii) Both dissociation pathways present, but with
Y2 > V3. fon(7) then still shows an initial rise followed by a decay
but with a nonzero probability at T = 0 (f,,(0) = y3) due to the
direct dissociation pathway (Figure 5C). However, there is still
a delayed maximum at 7 > 0, reflecting the presence of the
MS, — P intermediate. Similarly, the initial rise of f,,(7) here
may not be experimentally resolvable depending on the mag-
nitudes of the rate constants. (iv) Both dissociation pathways
present, but with y, < ys;. Here as the direct dissociation is
always faster than the substrate-assisted one, there is no
significant population of the MS, — P intermediate, and f;,(7)
has no maximum at 7 > 0 and contains two exponential decays
with the two decay constants being S + o and § — o (eq 15
and Figure 5C). The magnitude of the difference between 3 +
o and B — o determines whether these two decay components
are experimentally resolvable. (v) Both dissociation pathways
present, but with y, = y;. At this limiting condition, eq 15
becomes fon(7),, =, = y2¢ 7" = y3e” 73", which exhibits a single-
exponential decay (Figure 5C).

Except in regime (i), in all other limiting regimes where the
substrate-assisted pathway exists for product dissociation, eq
15 will reduce to a single-exponential decay at high substrate
concentrations, fo,(7)[sj—~y2¢~"*". The high substrate concentra-
tion here drives the product dissociation toward the substrate-
assisted pathway, making the direct dissociation negligible.
Figure 5D shows the experimental distribution of 7,, from a
single-turnover trajectory of a gold nanoparticle at a saturating
substrate concentration; fitting with a single-exponential decay
function gives y, for this nanoparticle directly. (For these gold
nanoparticles, we did not observe the initial-rise-then-decay nor
the double-exponential-decay behaviors of f;,(7), probably due
to large values of y; or y_; for reaction 2b of the catalysis in
Scheme 2.)

I1.2.B. Rate of Product Dissociation: (%,,[1'. From eq 15,
we can obtain [F,,[d' (= 1//5°1f,n(t) d7), the single-nanopar-
ticle product dissociation rate:

G 0= V2GSt y;

on 1+ G,[S] (16)

where G, = y1/(y—1 + 7,). When [S] — 0, Fonlkl—0 = 73; When
[S] — o0, Fonlkl—w = 72. The physical meaning of the limiting
values of eq 16 can be understood as follows: When [S] — 0,
the forward reaction of reaction 2b is negligible (y,[S] = O,
Scheme 2); then the product dissociation dominantly takes the
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Figure 5. f,,(7) and [,,[J" of the Langmuir—Hinshelwood mechanism with two product dissociation pathways. (A) Simulation of the probability
density function f,,(7) from eq 15 in the case of the shutdown of the substrate-assisted dissociation pathway (y; = y_; = y, = 0). (B) Simulations
of fi,(t) from eq 15 in the case of the shutdown of the direct dissociation pathway (y3 = 0; ¥,> = y,[S]). (C) Simulations of f,,(t) from eq 15 with
varying relative magnitudes of y, and y3. (D) Experimental data of a 7,, distribution from a single-turnover trajectory of gold nanoparticle catalysis
at a saturating substrate concentration ([S] = 1.2 uM).?” Solid line is an exponential fit; its decay constant gives y,. (E) Simulations of the [S]
dependence of [%,,[7' from eq 16, showing three different types of behaviors. (a.n. = arbitrary number.) (F) Experimental data of [S] dependence
of [@,,[0" from three single gold nanoparticle catalysis trajectories, exemplifying the three types of kinetic behaviors. Solid lines are fits with eq 16.

Data adapted from Xu et al.”’

direct dissociation pathway (reaction 2d) and the reaction rate
is determined by 3. When [S] — o, the MS, -, — P state will
be immediately converted to the MS,, — P state via reaction 2b
due to the large value of y,[S]; then the product dissociation
dominantly takes the substrate-assisted pathway and the reaction
rate is determined by vy, (reaction 2c).

With different relative magnitudes of y, and y3, eq 16 predicts
three types of [S] dependence of [@,,[T!. (I) When y, > ys,
[#,,00" will increase with increasing [S] and eventually saturate.
(II) When v, < y3, @[0! will decrease with increasing [S]
and flatten. (II) When y, = y;, or y; = 0 (i.e., G, = 0) that
represents the complete shutdown of the substrate-assisted
dissociation pathway, [#,,[7! will be a constant and independent
of [S]. Figure 5E plots the three types of [S] dependence of
[#,,[0". All these three types of kinetic behaviors were observed
experimentally in our study of single gold nanoparticle catalysis
(Figure 5F),%7 which exemplifies the heterogeneous catalytic
properties of nanoparticle catalysts as well as the ability of
single-nanoparticle experiments in revealing them.

I1.2.C. Randomness Parameter r,,. With f,,(t), we can get
[#oland [22,0= N/ [o(a. — B)*] — M/[a(o + 8)]) to calculate
Ton- At [S] = 0 or [S] — o0, r,, = 1; this is because at these two
limiting conditions f;,(7) is a single-exponential decay function.
At intermediate [S] and depending on the relative magnitudes
of y, and ys, r,, has three different ranges of values that are
directly related to the functional shapes of f,,(7) (Figure 6):

(i) When y, = y3, ron = 1. This directly results from that at
this condition f;,,(7) is always a single-exponential decay function
(Figure 5C).

(if) When y, > v3, ron < 1. This comes from that f;,(7) here
contains two exponential functions connected by a minus sign
(eq 15), which gives its exponential-rise-followed-by-exponential-

2.5,
20 (iii) 7, < 7,
£15
hO
1.0 Ukt
i r>n
0.5 SN .
1E-4 0.01 1 100
[S] (uM)

Figure 6. r,, for the 7,, reaction of the Langmuir—Hinshelwood
mechanism (Scheme 2). For all three curves, y; = 300 uM~! s7! and
yo1=3s L () ya=y3=10s"1 (i)) y2=10s"" and y; = 4 s7. (iii)
y,=10s""and y; = 400 s~ .

decay behavior with a delayed maximum that indicates the
presence of the MS, — P intermediate (Figure 5C). The relation
between the functional shape of f,,(t) and the value of r,, here
can be illustrated by considering the general probability density
function f(t) = ckie™™® — c)kre™@%, where the coefficients c;
and ¢, are both positive and ¢; — ¢, = 1 from the normalization
condition [y f(r)dt 1. For this f(1), FO- 200 =
2¢,¢5(k; — ky)* | (k,’k,”) <O when k; # ky; therefore, r = (#*[—
@R)/E3E < 1.

(iii) When v, < y3, ron > 1. This directly comes from that
fon(7) here is a double-exponential decay function (Figure 5C),
that is, containing two exponential functions connected by a
plus sign (eq 15). To illustrate the connection between fon(7)
and r,, here, we can consider the general probability density
function f(t) = ckje ™" + k™7, where the coefficients ¢,
and ¢, are both positive and c¢; + ¢, = 1 from the normalization
condition f§f(r) dr = 1. For this f{z), @0— 200 = 2¢c,
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(k, — k)| (k,*k,")>0 when k; # ky; therefore, r = (@0—
@R/EA > 1.

ron > 1 here is particularly interesting, as in general 0 < r <
1 for serial reactions (see Introduction); and only when dynamic
disorder is present, r > 1.2%*! Here we show that, if f{t) shows
double-exponential decay behavior, r > 1. The double-
exponential decay behavior of f{7) can come from many different
physical origins, such as parallel reaction pathways in the 7,,
reaction of nanoparticle catalysis investigated here or dynamic
disorder discussed in previous single-molecule Michaelis—Menten
kinetics.?83! (Note, for the case of parallel reaction pathways,
it cannot be that all pathways are simple one-step reactions,
which will give r = 1 (Appendix C).)

I1.3. Overall Turnover Rate. With eqs 13 and 16, we can
get the overall turnover rate of the catalysis, [ofrron1", that is,
the number of turnovers per unit time for a single nanoparticle,

Ij'ofﬁ—onI:[l = Ij'off—‘r_ Ton[Il = (BoffD+ Bon |j71
. V”TVzGle[S]z + ynry;Gi[S]
(yny+ Vz)Gle[S]2 +(yn G+ y3G, + 7,G))IS] + 4
(17)

At[S] =0, En‘off+0n;§]1 — o = 0 and no catalysis occurs; at [S] —
0, ofH(m@%ﬂw = ynryo/(ynr + ), which reduces to ynr when
the catalytic conversion reaction is rate-limiting in the catalytic
cycle (i.e., yny < y,).

III. Comparison of Heterogeneous and Enzyme
Catalysis: Langmuir—Hinshelwood versus
Michaelis—Menten Mechanism

For the catalytic product formation reaction contained in T
of the single-turnover trajectories, both the Michaelis—Menten
mechanism and the Langmuir—Hinshelwood mechanism predict
the saturation kinetics of the product formation rate [Z,J' (eqs
3 and 13). The kinetic saturation is due to substrate binding to
the catalytic site in both mechanisms, and the maximum reaction
rate is reached when the catalytic sites are fully occupied at
high substrate concentrations. For the Michaelis—Menten mech-
anism, [F,[J' saturates to ks, the catalytic rate constant, which
describes the intrinsic reactivity of a single enzyme (Equation
3); for the Langmuir—Hinshelwood mechanism, [Z,[1! saturates
to ynr, which represents the combined reactivity of all surface
catalytic sites of a single nanoparticle (Equation 13).

For the distribution of 7., for(7), these two mechanisms
predict different behaviors. While f,(7) of the Michaelis—Menten
mechanism has two exponential components, an exponential rise
and an exponential decay (eq 2), fu(7) of the Langmuir—
Hinshelwood mechanism is always a single-exponential decay
function with a [S]-dependent decay constant (eq 12). The
absence of a second exponential component in fo(7) of the
Langmuir—Hinshelwood mechanism comes from its presump-
tion that a fast substrate adsorption equilibrium is established
atall times during catalysis, that s, substrate adsorption—desorption
is much faster than catalysis; thus, the off-time process in the
single-turnover trajectories contains only one rate-limiting
reaction: the catalytic conversion step (eq 5), leading to the
single-exponential decay behavior of fo(7). The [S]-dependence
of for(7) of the Langmuir—Hinshelwood mechanism results from
the multitude of surface catalytic sites, whose occupation is
determined by the substrate-concentration and the adsorption
equilibrium constant (eq 7). Comparatively, for the Michaelis—
Menten mechanism (Scheme 1), if assuming fast subst-
rate binding—unbinding (k;, k-1 > k), fou(r) becomes
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SCHEME 3: Modified Michaelis—-Menten Mechanism
with Two Product Dissociation Pathways®
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“ The fluorescence off- and on-states are denoted for a fluorogenic
reaction.

JorD) = [kk,[ST/ (& [S] + k_; + k)] expl — kk,[S]t / (k,
[S]+ k_, + k,)1, also a single-exponential decay function with
a [S]-dependent decay constant;*® the [S]-dependence here
results from the [S]-controlled availability of the ES intermediate.

The difference in f(7) between the Langmuir—Hinshelwood
mechanism and the Michaelis—Menten mechanism leads to
their different [S]-dependence of the randomness parameter
rorr- The single-exponential decay distribution of f,(7) of the
Langmuir—Hinshelwood mechanism gives ro = 1 indepen-
dent of [S], while for the Michaelis—Menten mechanism, the
exponential-rise-followed-by-a-decay behavior of fo(7) leads
to roe < 1 at any [S], except [S] = 0 or co.

The multitude of surface sites of the nanoparticle can play
important roles in their heterogeneous catalytic properties.
Our recent study of single gold nanoparticle catalysis revealed
both static and dynamic activity heterogeneity, that is, static
and dynamic disorder of activity, among nanoparticles with
a narrow size dispersion.”’” The explicit inclusion of the
number of catalytic sites on the nanoparticle in the single-
molecule Langmuir—Hinshelwood kinetics offers an ad-
ditional factor to account for these heterogeneous single-
turnover kinetics (for example, heterogeneity in the number
of surface sites), besides the heterogeneity in the intrinsic
activity per surface site.

IV. Michaelis—Menten Mechanism Coupled with
Multiple Product Dissociation Pathways

The Langmuir—Hinshelwood mechanism in Scheme 2 in-
cludes a substrate-assisted product dissociation pathway besides
the direct dissociation pathway, whereas the classic Michaelis—
Menten mechanism in Scheme 1 only has a direct product
dissociation pathway. The substrate-assisted product dissociation
is also relevant for enzyme catalysis, however, such as for the
catalysis of farnesyltransferase and geranylgeranyltrans-
ferase.”> >4 To probe the effect of multiple product dissociation
pathways on the single-molecule kinetics of enzyme catalysis,
here we consider a modified Michaelis—Menten mechanism
incorporating an additional substrate-assisted pathway for
product dissociation (Scheme 3).

IV.1. 7,, Reaction of the Modified Michaelis—Menten
Mechanism. Here we consider first the on-time process in a
single-turnover trajectory, as it exactly parallels the treatment
of the on-time for the Langmuir—Hinshelwood mechanism in
Scheme 2. The reactions occurring in the on-times are either
reaction 3c or reactions 3d and 3e. Following the same
procedures as in Section II.2, the distribution of 7,, for the
modified Michaelis—Menten mechanism is
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fn™= %C[Pe“‘”)’ + Q] (18)

with ¢ = Vk,[S]Hk_, sy YA—(kyks[ ST+ _ ks Hhsks), d =

— (ky[S] + k_y + ks + k3) 12, P = ksk,[S] + ksc + kyd +
kk_y + kiks, and Q = — kok,[S] + kye — kyd — kyk_, —
ksks. And

| ksKy[S]+ Ky

T 1+ K[S] (19
where K, = ku/(k—4 + ks). Depending on the relative magnitudes
of k3 and ks, which will give different functional shapes of f;,(7),
the randomness parameter r,, here will have three different
ranges of values, as discussed in Section II.2.C.

IV.2. 7, Reaction of the Modified Michaelis—Menten
Mechanism. IV.2.A. Probability Density Function f,gt). For
the off-time process, the relevant reactions are 3a and 3b.
Because of the presence of two product dissociation pathways,
two sets of initial conditions are possible at the onset of each
off-time reaction: (i) Pg(0) = 1 and Pgs(0) = Pgp(0) = 0, if the
product takes the direct dissociation pathway (reaction 3c,
Scheme 3); or (if) Pg(0) = Pgp(0) = 0 and Pgs(0) = 1, if the
product takes the substrate-assisted dissociation pathway (reac-
tions 3d and 3e). With the first set of initial conditions, the 7.
probability density function is (Appendix B):

kolST e _ oman
forl0) == — LT = ) (20)

with a = \/(kl[S]+k_1+k2)2/4—k1k2[S] and b = —(k[S] + k-,
+ ky)/2. This equation is the same as eq 2. With the second set
of initial conditions, we get (Appendix B):
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k
Jor(D = ﬁ[(d +b+k [SDe? " +(@a—b— kl[S])e(”_“)T]
(2D

with the same a and b as above. Because both sets of initial
conditions are possible, the probability density of 7. should
overall be a linear combination of eqs 20 and 21 for the modified
Michaelis—Menten mechanism:

Jorl(D) = Cif (D)) + G, fo(D), (22)

Here C, and C, are two normalized weight coefficients
representing the likelihoods of the two initial conditions, that
is, the likelihood of the product taking the direct dissociation
pathway or that of taking the substrate-assisted pathway.
Considering the relative rates for the product to take these two
dissociation pathways, we get (Appendix B)

ky(1 + K,[S])

= kK [ST+ ky(1 + K,[S]) (232)
B kKo [S]
O KIS+ (L + KIS (23b)

To describe the behavior of fe(7) for the modified Michaelis—
Menten mechanism, we consider it in three different regimes:

(i) C; = 1and C, = 0 (e.g., kg or ks = 0). This limiting case
corresponds to the sole presence of the direct dissociation
pathway, that is, the absence of the substrate-assisted pathway
for product dissociation. foi(7) then reduces to fo(7); (eq 20),
equivalent to that of the normal Michaelis—Menten mechanism,
and has an exponential rise followed by an exponential decay
(Figure 7A). Here the delayed maximum of fy(7) at T > 0
indicates the population of the reaction intermediate ES during
reaction.
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Figure 7. f,i(1), 0", and rys for the modified Michaelis—Menten mechanism with two parallel product dissociation pathways. (A) Simulation
of for(7) from eq 22 at the condition of C; = 1 and C, = 0, corresponding to the sole presence of the direct dissociation pathway. (B) Simulation
of for(7) from eq 22 at the condition of C; = 0 and C, = 1, corresponding to the sole presence of the substrate-assisted dissociation pathway. (C)
Simulation of ' from eq 25. (D) Simulation of 7. with C; = 1, C; = 0, and with C; = 0, C, = 1. (E) Simulation of 7. with C; = 0 and C,

# 0. (F) Three fu(7) corresponding to points a, b, and ¢ in (E).
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(ii) C; = 0 and C, = 1 (e.g., k3 = 0). This limiting case
corresponds to the sole presence of the substrate-assisted
dissociation pathway, that is, the absence of the direct product
dissociation pathway. f(7) then reduces to fo(7), (eq 21) and
has a double-exponential decay with no maximum at 7 > 0
(Figure 7B). The lack of a delayed maximum reflects that there
is no on-path intermediate toward product formation, as
the initial state of each off-time in a turnover is ES after the
substrate-assisted product dissociation (Scheme 3), and the state
E is effectively an off-path “intermediate” toward product
formation. (Note that, in this limiting case, only the very first
turnover upon introducing substrate to the enzyme has the state
E as the initial state for the off-time; however, this single event
has no statistical significance in fu(7).)

(iii) C; # 0 and C, #= 0. This is the general case and fo(7)
then is a mix of behaviors of f,(7); and fue(7),, Wwhose relative
contributions to fo(7) will depend on the relative magnitudes
of the kinetic rate constants and the substrate concentration. Two
special mathematical conditions exist in this general case,
however, that can result in a simple single-exponential behavior
of for(7). Using eqs 20, 21, and 23, eq 22 can be rearranged to

[0 =Ae" " + BT (24)

where A = [Cyky(a + b) + kk,[S]]/2a and B = [C,k,(a —
b) — k,k,[S]]1/ 2a. Therefore, when k;[S] = —Cx(a + b), A =
0 and f,(7) = Be® ®7; when k[S] = Cy(a — b), B =0, and
Fort(T) = Ae®T97; and both of these conditions will give a single-
exponential behavior of f(7). Experimentally, single-exponen-
tial decay behavior of waiting time distributions are normally
used to argue for single-step reaction kinetics, but here we show
that for complex reactions with parallel pathways, one of which
even contains multiple steps, f(t) can also be a single-exponential
decay function at certain conditions.

IV.2.B. Rate of Product Formation: [,,0'. As for the
product formation rate [Z,;J' for a single enzyme molecule,
from eq 22, we get

S
o T [STH (k_y + Chy)/k,
kyky(hey + k) KS[ST + kykeyks[S]

ky(ky + ks)Kz[S]2 + [k_ (ks + ks)K, +

(25)

ky(ky + kyK)IIST + ky(k_y + k)

Although complex in expression due to the presence of
multiple reaction pathways, [F.(T! still follows saturation
kinetics with increasing substrate concentrations and saturate
eventually to k, (Figure 7C).

1V.2.C. Randomness Parameter rqy To describe the behav-
ior of ry for the modified Michaelis—Menten mechanism, we
consider it in three different regimes in parallel to the discussion
of its for(7) (Section IV.2.A); the shape of fu(7) in these regimes
determines the behavior of ryg.

(i) C; =1 and C, = 0. fo(7) then reduces to for(7); (eq 20),
which has an exponential rise followed by an exponential decay
with a delayed maximum (Figure 7A). Therefore, rof < 1 at
any [S], except at [S] = 0 or o« (Figure 7D).

(if) C, = 0 and C; = 1. fo(7) then reduces to fo(7), (eq 21),
which is a double-exponential decay function (Figure 7B).
Therefore, roi > 1 at any [S] except at [S] — o (Figure 7D).
(Note at [S] = 0, ror > 1; see Appendix D.) In contrast to the
Ton reaction of this modified Michaelis—Menten mechanism, for
which the double-exponential decay behavior of f,,(7) comes
from the presence of parallel pathways (Section IV.1), the
double-exponential decay behavior of fox(7) here results from
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that the state E represents an off-path “intermediate” because
the initial state is ES for each off-time after the substrate-assisted
product dissociation (Scheme 3).

(iii) C; = 0 and C, #= 0. In this regime, fo(7) is a mixture of
Jfor(7)1 and foe(7), and its general form contains two exponentials
with coefficients A and B (eq 24). At nonzero [S], A > 0
(Appendix E); thus, the sign of B decides the functional shape.
If B > 0, for(t) will be a double-exponential decay function
and roie > 15 if B < 0, for(7) will then show an exponential rise
followed by an exponential decay and ro < 1; if B = 0, for(7)
reduces to a single-exponential decay function and ro = 1.
Figure 7E shows an exemplary plot of the [S] dependence of
rofe: at different [S], rof can be greater than 1 or smaller than 1
depending on the corresponding value of B and the cross point
is where B = 0. Figure 7F shows three simulations of fo(7)
corresponding to three different [S] in Figure 7E that give fo(7)
double-exponential decay, single-exponential decay, or expo-
nential-rise-followed-by-decay behaviors.

IV.3. Modified Michaelis—Menten Mechanism for Nano-
particle Catalysis. The modified Michaelis—Menten mechanism
can also be useful for analyzing the single-turnover kinetics of
nanoparticle catalysis. The Langmuir—Hinshelwood mechanism
assumes a fast substrate adsorption equilibrium on the nano-
particle surface at all times (Scheme 2); however, if substrate
adsorption—desorption is slow, the Langmuir—Hinshelwood
mechanism is no longer applicable and the substrate adsorption—
desorption needs to be treated explicitly. The modified
Michaelis—Menten mechanism in Scheme 3 then provides an
alternative, if we can assume as approximation one “effective”
catalytic site that represents all the catalytic sites on the
nanoparticle surface. Then, f,(7) and 0! of eqs 22 and 25,
as well as the associated o, can be used to analyze the single-
turnover results of nanoparticle catalysis. k, in Scheme 3 will
then represent the combined reactivity of all surface catalytic
sites and can be related to ynt in Scheme 2. The compromise
of this approximation is the loss of explicit inclusion of the
number of surface sites for considering the reactivity of a
single nanoparticle.

V. Application of the Langmuir—Hinshelwood
Mechanism to Oligomeric Enzymes

The classic Michaelis—Menten mechanism for enzyme
catalysis is a one-site, one-substrate kinetic model. Many
enzymes are oligomeric with multiple catalytic sites, however,
such as the tetrameric enzyme [3-galactosidase that has been
studied at the single-molecule level.#!>% Including the multi-
plicity of catalytic sites in the single-molecule kinetic formulism
is thus desirable for oligomeric enzymes, because potential
disorder in the number of active sites can play a role in the
heterogeneous enzymatic dynamics revealed in single enzyme
studies.*!22?

The Langmuir—Hinshelwood mechanism explicitly includes
the number of active sites in the kinetic formalism (Section II.1)
and can thus be applied to oligomeric enzymes. The only
prerequisite is that substrate binding/unbinding must be signifi-
cantly faster than the catalytic conversion reaction in the catalytic
cycle, so an equilibrium occupation of all active sites is
established before a catalytic conversion occurs at one of the
sites. An example that satisfies this prerequisite is the tetrameric
enzyme f-galactosidase, which has been studied at the single-
molecule level. #1235

We can then borrow the formulism of eq 6 of the
Langmuir—Hinshelwood mechanism:
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kypp = Keadt (26)

cat’

Here k., is the apparent rate constant for an oligomeric
enzyme to form one product at one of its active sites, k¢, is the
single-site rate constant for catalytic conversion and n is the
number of substrate molecules bound by the enzyme at
equilibrium. Because the total number (nr) of active sites of
oligomeric enzymes is typically small, the relative fluctuation
of the number of bound substrates can be large from one instant
to another; however, the equilibrium occupation n is always
described by its equilibrium binding isotherm and can be
fractional at certain substrate concentrations. If the site—site
interactions are insignificant among the monomers of the
oligomeric enzyme, that is, monomers are independent of each
other for substrate binding, n obeys the Langmuir isotherm: n
= nrK[S]/(1 + KI[S]), where K is the binding equilibrium
constant. We can then obtain expressions similar to eqs 12 and
13 to describe fo(7) and (0! for oligomeric enzymes. If the
site—site interactions are significant and there is cooperativity
for substrate binding to the multiple active sites, alternative
binding isotherms can then be used to describe n at different
substrate concentrations. For example, if positive cooperativity
exists for substrate binding, we can use a sigmoidal isotherm,
such as the Monod—Wyman—Changeux model developed for
the cooperative O, binding to hemoglobin,' to substitute the
Langmuir isotherm to formulate the single-molecule kinetic
equations.

Recent single-molecule enzyme studies have revealed large
dynamic disorder, that is, temporal fluctuations of enzymatic
rates, which were attributed to the fluctuations in k., caused by
enzyme conformational dynamics.>*’~*?? The inclusion of the
number of catalytic sites in the single-molecule kinetic equations
offers an additional opportunity to evaluate possible causes of
the dynamic disorder of oligomeric enzymes,*'??? for example,
temporal fluctuations of the number of available active sites in
an oligomeric enzyme that can result from allosteric monomer—
monomer interactions or from enzyme conformational dynamics.

VI. Concluding Remarks

In this paper, we have developed a theoretical formulism
to describe the single-molecule kinetics of the heterogeneous
catalysis by nanoparticle catalysts. We have described in
detail the single-molecule kinetic theory of the Langmuir—
Hinshelwood mechanism for the catalytic product formation
reaction, which explicitly includes the multitude of surface
sites on one nanoparticle, and considered two parallel product
dissociation pathways that give complex single-molecule
kinetics for the product dissociation reaction. We analyzed
the statistical properties f(t), "', and r of single-turnover
waiting times at different kinetic limiting conditions and
compared them with those of the Michaelis—Menten mech-
anism in enzyme catalysis. In light of the multiple product
dissociation pathways in heterogeneous catalysis, we also
derived the single-molecule kinetic equations for a modified
Michaelis—Menten mechanism, which can be used to describe
heterogeneous catalysis when the assumptions of the
Langmuir—Hinshelwood mechanism break down. We further
proposed that the formulism of the Langmuir—Hinshelwood
mechanism for heterogeneous catalysis can be applied to
single-molecule kinetic analysis of oligomeric enzymes that
contain multiple catalytic sites.

As the Langmuir—Hinshelwood mechanism is a general
mechanism for many heterogeneous catalysts,’! we expect
that our formulism will provide a general theoretical frame-
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work to understand single-molecule kinetics of heterogeneous
catalysis. For example, our recent experimental work on the
single-turnover catalysis of gold nanoparticles has revealed
large dynamic disorder in their catalytic activity due to
catalysis-induced surface restructuring dynamics of nano-
particles.?” Surface restructuring dynamics can cause dynamic
fluctuations in the number of catalytic sites and the reactivity
of each site, both of which can result in dynamic changes in
catalyst activity. The theoretical formulation of a kinetic
mechanism here provides the foundation for analyzing such
catalytic dynamics in heterogeneous catalysis at the single-
molecule level.

Appendix

A. Derivation of the Probability Density Function f,,(7)
for the Langmuir—Hinshelwood Mechanism. For the Lan-
gmuir—Hinshelwood mechanism (Scheme 2), the reaction
occurring during each on-time is either eq 14a or eq 14b. The
single-molecule rate equations for these reactions are:

dPyus o)
—a ~W1 T V)Pys, -+ Y- Pys ()
(Ala)
APys o)
a4 ViPus, o0 = (V1 T V)Pys —p(1)
(A1b)
dPys (1
T yZPMSn—P(t) (Alc)
dPMS”_](t)
—a V3Pus, —p(0) (Ald)

where the P(7)’s are the probabilities of finding the nano-
particle in the corresponding states at time #; y,° = y,[S]
and is treated as a pseudofirst-order rate constant because
[S] is time-independent in single-nanoparticle experiments.
Equations Ala—d can be solved exactly using the initial
conditions PMSn,lfP(O) - 1, PMsufp(O) = OaPMS,,(O) = 0, and
Py, ,(0) = 0 with r = 0 being the onset of each on-time,
and the constraint Py, ,-p(f) + Pwms,—p(t) + Pys,(t) + Pus, (1)
= 1.

We can then consider the probability density function f,,(7)
of the on-time 7,,. 7., is the time needed to complete either
the reactions in eq 14a or the reaction in eq 14b. The
probability of finding a particular 7 is f,,(t)At, which is equal
to the sum of (1) the probability for the nanoparticle to switch
from the MS,, — P state to the MS,, state between 7 and 7 +
At and (2) the probability for the nanoparticle to switch from
the MS,—; — P state to the MS,_; state between 7 and 7 +
At. The probability of the first switching is APys (7), which
equals y>Pys,-p(7)AT. The probability of the second switching
is APys, (7), which equals y3Pys, ,—p(7)A7. In the limit of
infinitesimal Az, we have

dPMS"(T) dPMSM(‘L')
D= dr + dr
= V2PMSW—P(T) + 73PM5”717P(7) (A2)

Solving eqs Ala—d for Pys,-p(7) and Pys
initial conditions, we get

_p(7) using the

n—1
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i (®= i[Me(ﬁﬂm 1+ NeB~o7) (A3)

with o = \/(71[S]+V—1+72+V3)2/4_(717/2[5]"'?’—17’3""3/23/3)’
B=—ISI+ vyt vy, +y)/2, M= yS] + yya +
v+ vy T vy and N = = oy [S] + yi00 — yif —
Y3Y_1 — V3V,- This equation is given as eq 15 in the main text.

B. Derivation of the Probability Density Function fuu(7)
for the Modified Michaelis—Menten Mechanism. For the
modified Michaelis—Menten mechanism (Scheme 3), the rel-
evant reactions in the off-time process are 3a and 3b; the single-

molecule rate equations are:>2%3!
dP.(1)
dEt - _k(l)PE(t) +k_ Pgs(0) (Bla)
dPp(?)
3; = KPp(t) — (k_, + k)P (1) (B1b)
dPpp(?)

ar = kyPpg(0) (Blc)
where k,° (= k;[S]) is a pseudofirst-order rate constant, and Pg(t)
+ Pgs(f) + Pgp(f) =1. The procedure to obtain the probability
density function of T, fore(T), is similar to that described above.
The probability of finding a particular 7 is fo(7)A7, and this
probability is equal to the probability for the enzyme to switch
from the ES state to the EP state between r = 7 and 7 + Art,
which is APgp(t) = koPrs(7)A7. In the limit of infinitesimal
AT,

dPgp(7)
Jl D)= =kyPe(®) (B2)
Because of the presence of two product dissociation pathways,
two sets of initial conditions are possible for solving eqs Bla—c:
(i) Pe(0) = 1, and Pgs(0) = Pgp(0) = 0, if the product takes the
direct dissociation pathway (reaction 3c, Scheme 3); or (ii) Pg(0)
= Pgp(0) = 0, and Pgs(0) = 1, if the product takes the substrate-
assisted dissociation pathway (reactions 3d and 3e). With the
first set of initial conditions, we solve for Pgs(7) and get

ko [S] .
foff(T)] = %[e(h+")f — e(b u)r] B3)

with a = \/(kl[S]+k_1+k2)2/4—klk2[S], b= — (k[S] +
k_, + k,)2. With the second set of initial conditions, we get

k
foff(T)Z = ﬁ[(d +b+ kl[S])e(h+a)T + (a —bh— kl [S])e(b—a)r]
(B4)

with the same a and b as above. Because both sets of initial
conditions are possible, the probability density of 7. should
overall be a linear combination of eqs B3 and B4 for the
modified Michaelis—Menten mechanism:

Jori(®) = Cif (D) 1 Cof (0), (BS)

Here C; and C, are two weight coefficients representing the
likelihoods of the two initial conditions, and C; + C, = 1. The
magnitude of C; or C, should be proportional to the respective
rate for the product to take the direct dissociation pathway or
the substrate-assisted pathway. From eq 19, the product dis-
sociation rate [,,[7' is equal to k3 in the sole presence of the
direct product dissociation pathway (i.e., ks = K, = 0) or to
ksK>[S]/(1 + K5[S]) in the sole presence of the substrate-assisted
dissociation pathway (i.e., k3 = 0). Therefore,
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C, k(1 +K,[S])

— = B
C, ksK,[S] (B6)
With C, + C, = 1, we get
B ky(1 + K,[S])
Gi= ksK,[S]+ ky(1 + K,[S]) (B7a)
B ksK,[S]
= ksK,[S]+ ky(1 + K,[S]) (B7b)

C. Randomness Parameter r for a Complex Reaction with
Parallel Single-Step Reactions. For a complex reaction consist-
ing of n parallel reaction steps, each being a single-step reaction
with a rate constant k, and all starting from the same state, the
probability density function of the waiting time is f(r) =
(2k,) exp( — (2k,)T). This f(7) is obviously a single-exponen-
tial decay func’%ion; therefore, r = 1.

D. r of the Modified Michaelis—Menten Mechanism. For
the modified Michaelis—Menten mechanism at the condition
of C; =0 and C, = 1, fu(7) (eq 22) reduces to fo(7), (eq 21).
This limiting condition corresponds to the shutdown of the direct
dissociation pathway (reaction 3c, Scheme 3), and the product
can only dissociate via the substrate-assisted pathway (reactions
3d and 3e, Scheme 3). Therefore, the initial state for each off-
time in the single-turnover trajectory is the ES state, except the
very first turnover which has state E as the initial state upon
introducing substrate to the enzyme. At [S] = 0, for(7), reduces
to kye * 17k Although this is a single-exponential decay
function, it is not normalized, that is, [5°f (7),dT =
kAk_, + ky<I, leading to roy = 1 + 2k_i/k; > 1. The non-
normalization of f(7), at [S] = O results from that the forward
reaction of 3a in Scheme 3 is eliminated at [S] = 0. Conse-
quently, the E state becomes effectively a dead end of the
catalysis; each time the reaction reaches state E, it leads to no
completion of turnover and thus no measurement of a waiting
time. The probability of reaching the E state after product
dissociation is k—/(k—; + k2), equal to 1 — [§* f.{(T),dT.

E. Coefficient A in Eq 24. From Section IV.2, A = k,(C,
(a + b) + k[S])/2a, where C, = ksK,[S]/{ksK,[S] + k5

(1 + K,[SD}, a = \/(k1 [S]+k,1+k2)2/4—klk2[S], and b =
— (k,[S]+ k_, + k,)/2. When [S] = 0, A = 0; when [S] > O,
A > 0. To prove the latter, we need to prove the following:

Cy(a+b)>—k,[S] (E1)

When [S] > 0, we have 0 < C, < 1 and a + b < 0; then Cx(a
+ b) > a + b. Then to prove eq E1, we only need to show a
+ b > —k[S], or equivalently

a>—b—k[S] =%(k_1 +ky — k,[S]) (E2)

If [S] is large enough so that (k—; + k» — k[S])/2 < 0, the
inequality in eq E2 can be met naturally because a > 0. If [S]
is not large and (k—; + k, — k;[S])/2 > 0, then the inequality in
eq E2 is equivalent to

at= ‘l—1(k,1 + k, — k,[S])? (E3)

Using the expression for a, eq E3 can be rearranged to
k—1k[S] = 0, which is obviously true when [S] > 0.
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