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Observation of a chemical transformation at the single-molecule level yields a detailed view of ki-
netic pathways contributing to the averaged results obtained in a bulk measurement. Studies of a
fluorogenic reaction catalyzed by gold nanoparticles have revealed heterogeneous reaction dynamics
for these catalysts. Measurements on single nanoparticles yield binary trajectories with stochastic
transitions between a dark state in which no product molecules are adsorbed and a fluorescent state
in which one product molecule is present. The mean dwell time in either state gives information cor-
responding to a bulk measurement. Quantifying fluctuations from mean kinetics requires identifying
properties of the fluorescence trajectory that are selective in emphasizing certain dynamic processes
according to their time scales. We propose the use of constrained mean dwell times, defined as the
mean dwell time in a state with the constraint that the immediately preceding dwell time in the other
state is, for example, less than a variable time. Calculations of constrained mean dwell times for
a kinetic model with dynamic disorder demonstrate that these quantities reveal correlations among
dynamic fluctuations at different active sites on a multisite catalyst. Constrained mean dwell times
are determined from measurements of single nanoparticle catalysis. The results indicate that dy-
namical fluctuations at different active sites are correlated, and that especially rapid reaction events
produce particularly slowly desorbing product molecules. © 2011 American Institute of Physics.
[doi:10.1063/1.3657855]

I. INTRODUCTION

Detection of molecular processes at the single-molecule
level elucidates the nature and time scales of fluctuations
not observable in a bulk measurement that averages over
these processes. Single-molecule measurements of enzyme
catalysis reveal these molecules to function as dynamic
entities, interchanging among structures with different
catalytic properties.1–22 Chen and co-workers have identified
a fluorogenic chemical reaction that is catalyzed by gold
nanoparticles, which permits the investigation of this catal-
ysis with single-turnover resolution.23–29 The nanoparticles
catalyze the solution phase reductive N-deoxygenation of
a nonfluorescent reactant resazurin to a fluorescent product
resorufin by hydroxylamine. Observation of fluorescence
intensity over time from a single nanoparticle yields a binary
trajectory showing transitions between a fluorescent state in
which a single product molecule is adsorbed together with
reactant molecules, and a nonfluorescent state in which no
product molecules are adsorbed.23, 25, 26, 28 A fluorescent time
period begins with the conversion of reactant to product, and
terminates with desorption of the product. A nonfluorescent
time period is initiated by desorption of the product and
concludes with the conversion of reactant to product. Chen
and co-workers have quantified the heterogeneity of reaction
events23, 25, 26 on these nanoparticles, have studied reactivity
variations with nanoparticle size,28 and have determined the

a)Author to whom correspondence should be addressed. Electronic mail:
roger.loring@cornell.edu.

effects of dynamic surface restructuring23, 28 on the kinetics
of catalysis and product desorption. Despite differences in the
underlying chemistry and time scales, there is an important
qualitative similarity between these nanoparticles and enzyme
molecules. The protein molecule changes catalytic states
through conformational transitions.18, 19, 30, 31 Active sites on
the nanoparticle can change activity through dynamic restruc-
turing of the metal surface, either as a spontaneous process or
induced by the reaction of adsorbed molecules.32–35 The two
catalytic systems differ in that the nanoparticle has multiple
active sites of potentially different types, that the number and
types of site can vary from one particle to another, and that
for one particle, the number and types of sites can vary in
time. Thus, catalysis by nanoparticles raises issues that do
not pertain to an enzyme with a single active site, such as the
existence of static or dynamic correlations among reaction
and desorption processes at different sites.

Fluorescence trajectories may be quantified by calcu-
lating distributions of dwell times in the fluorescent and
nonfluorescent states.36 For the simplifying case treated
here of saturating reactant concentration, the first moment
of the distribution of dwell times in the nonfluorescent
state yields a time-averaged rate constant for the rate of
the catalytic reaction for a particular nanoparticle. When
averaged over trajectories from many different particles,
the result is the reciprocal of the reaction rate constant as
determined in a conventional experiment on a bulk solution
with nanoparticles. Similarly the mean dwell time in the
fluorescent state contains the same information as the bulk
rate constant for the desorption of product molecules from the
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nanoparticle surface. Determining the detailed microscopic
dynamics associated with individual catalytic events requires
constructing quantities whose information content goes
beyond these simple averages, and whose properties permit
the assessment of kinetic models that describe both mean
dynamics and fluctuations from the mean.4, 5, 8, 11–15, 18, 19, 36–58

In this work we propose the use of constrained mean
dwell times to analyze fluorescence trajectories from single
nanoparticles. These are mean dwell times in one state sub-
ject to a constraint on the immediately preceding dwell time
in the other state. For example, we define t̄L<(τD) to be the av-
eraged dwell time in the fluorescent (L, light) state given that
the preceding dwell time in the nonfluorescent (D, dark) state
does not exceed a specified time τD. If there were no correla-
tion between these two dwell times, then t̄L<(τD) would equal
the unconstrained mean dwell time in L, t̄L. This would be the
case, for example, if the distribution of possible rate constants
governing a particular product desorption event were unin-
fluenced by the value of the rate constant for the reaction that
generated that product molecule. Even if such correlations ex-
ist, for sufficiently long τD, t̄L<(τD) must approach t̄L, which
gives only bulk information. If these rate constants are corre-
lated over some finite time scale, then at sufficiently short val-
ues of τD, the mean is selective as it only includes fluorescent
periods preceded by especially short nonfluorescent periods.
If, for example, an active site at which desorption is unusually
slow is also one in which reaction is especially rapid, then
for the subset of events that contribute to t̄L<(τD) for small
τD the mean dwell time in L will be longer than t̄L. In this
scenario, t̄L<(τD) as a function of τD will decay to t̄L from
greater values. The time scale of this decay will reflect the
rates of the slowest reaction processes, since once τD exceeds
these time scales, the constrained mean loses its selectivity
and approaches the unconstrained mean. Conversely if sites
with rapid desorption also tend to promote rapid reaction,
then t̄L<(τD) will rise from smaller values to an asymptotic
value of t̄L. The qualitative appearance of a plot of t̄L<(τD)
versus τD reveals correlations among reaction and desorption
rates for sites characterized by disorder. The conjugate quan-
tity t̄L>(τD) is the mean time in the fluorescent state given that
the preceding time in the nonfluorescent state is greater than
τD. For τD = 0, this quantity equals the unconstrained mean
t̄L, but it becomes more selective with increasing τD. Depend-
ing upon the correlations among reaction and desorption rates,
t̄L>(τD), either rises or decays to a nonzero asymptote as τD

→ ∞. Similar definitions yield constrained mean times in the
nonfluorescent state, t̄D<(τL) and t̄D>(τL), and these quantities
may be qualitatively interpreted in analogous fashion.

Analyzing fluorescence trajectories from a catalyst with
a single active site with constrained mean dwell times yields
both qualitative and quantitative information about fluctua-
tions from mean kinetics. We show here that these quantities
are particularly well suited to probe correlations among reac-
tion and desorption dynamics for catalysts with multiple ac-
tive sites, such as nanoparticles or oligomeric enzymes. The
constrained mean dwell times in L and D states are affected
differently by the presence of multiple active sites. A partic-
ular dwell time in state D ends with the conversion of a re-
actant molecule to product, and the following dwell time in

L terminates with desorption of that same product molecule.
Therefore, t̄L<(τD) reflects correlations involving one reactant
molecule and the product species produced by that molecule,
even in the presence of multiple active sites. However, a par-
ticular dwell time in L ends with the desorption of a product
molecule from one site, but the following dwell time in D
ends with a chemical reaction that may be at the original site
or may occur at a different site, making t̄D<(τL) sensitive to
system size in a different way from t̄L<(τD).

We employ the term dynamic disorder to refer to a rate
process,59, 60 in which rate constants fluctuate in time among
values governed by either a discrete4, 7 or a continuous11, 13–15

distribution. In Sec. II, we calculate constrained mean dwell
times for a kinetic model with dynamic disorder analyzed
by Yang and Cao5 for single-molecule measurements of an
enzyme with a single active site.15 In this model, the unit of
the active site plus adsorbate occupies discrete internal states,
representing conformations for a protein or surface structures
for a nanoparticle. The kinetics of conversion of the reactant
and of desorption of product depend on these internal site
states. The site states interconvert by a dynamic process,
representing conformational transitions for the enzyme or
surface reconstruction for the nanoparticle. In Sec. III, we
generalize this model to an arbitrary number of active sites
and consider the effects of spatial correlations among fluctu-
ations in reactivity. In the model of correlated fluctuations,
all active sites change state together, while in the model of
independent fluctuations, the sites change states indepen-
dently of each other. We demonstrate that the predictions of
the constrained mean dwell times differ both qualitatively
and quantitatively between the two models. We also describe
a model of correlated domains of active sites that interpolates
between these two limiting cases. In Sec. IV, we discuss
constrained mean dwell times calculated from experimental
fluorescence trajectories of single gold nanoparticles.23, 28

Our conclusions are summarized in Sec. V.

II. SINGLE ACTIVE SITE

We first define a kinetic model for a catalyst with a sin-
gle active site, and then generalize in Sec. III to models of a
nanoparticle with N sites. The catalyst promotes the reaction
of an adsorbed nonfluorescent reactant species denoted D to
produce a fluorescent species L. The reactant concentration is
taken to be sufficiently high that the rate of adsorption of the
reactant to the unoccupied site is large compared to the rates
of desorption of either reactant or product, so that the site may
be assumed to be always occupied by either reactant or prod-
uct. To anticipate the inhomogeneity of sites on a nanoparti-
cle, we take the single site in the current model to have S inter-
nal states that may differ in catalytic activity and in desorption
kinetics. These states interconvert through a dynamic process.
Since there are S site states and the site can be occupied by ei-
ther of two species, the system has 2S possible states. States
labeled D1, . . . , DS describe site occupation by the reactant,
and states L1, . . . , LS represent site occupation by the product.
The rate constant for conversion of reactant to product in site
state α is kDα

and the rate constant for desorption of species
L is kLα

. Rates of interconversion among site states are taken
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FIG. 1. Kinetic scheme for one active site with two states. State 2 has faster
reaction and slower desorption of the product.

to depend on the identity of the species adsorbed at the site.
The rate constant for transformation of site state α to γ is dγα

(lγα) when the adsorbate is species D (L). The 2S-dimensional
vector of state probabilities evolves according to

|ṗ(t)〉 = w|p(t)〉, (2.1)

w = −wD − wL + wDL + wLD. (2.2)

Here wD is nonzero only in the S-dimensional subspace of D
states, with, e.g., [wD]Dγ ,Dγ

= kDγ
+ ∑

α �=γ dαγ representing
the total rate constant for probability loss from Dγ because of
state changes and chemical reaction, and −[wD]Dα,Dγ

= dαγ ,
the interconversion rate constant from site state γ to α

when the site is occupied by a reactant. Similarly wL is
nonzero only in the subspace of L states, with elements
[wL]Lγ ,Lγ

= kLγ
+ ∑

α �=γ lαγ and [wL]Lα,Lγ
= −lαγ . wLD

has nonzero elements [wLD]Lα,Dα
= kDα

, the reaction rate
constant for site state α, and wDL has nonzero elements
[wDL]Dα,Lα

= kLα
, the rate constant for product desorption

in site state α. This kinetic scheme is shown in Fig. 1 for S
= 2. If arrow length is taken to represent magnitude of rate
constant, then this mechanism illustrates the case, discussed
below in Sec. IV, in which the site state with more rapid
reaction rate, state 2 in Fig. 1, has the slower product desorp-
tion rate. For subsequent analysis, it is convenient to define
idempotent matrices sj with j = D, L that project into the sub-
spaces of D and L states, respectively. For example, the only
nonzero elements of sD are (sD)Dα,Dα

= 1. The components of
the transition matrix in Eq. (2.2) may then be written as wD
= sDwsD, wL = sLwsL, wLD = sLwsD, and wDL = sDwsL.

Equilibrium conditions for the spaces of D and L states
are

wD|p〉 = wDL|p〉, (2.3)

wL|p〉 = wLD|p〉, (2.4)

with |p〉 the 2S-dimensional vector of probabilities in
Eq. (2.1) at equilibrium. Probability conservation implies

〈1|wLD = 〈1|wD, (2.5)

〈1|wDL = 〈1|wL. (2.6)

Here, 〈1| indicates the 2S-dimensional vector with elements
(〈1|)Dα

= (〈1|)Lα
= 1. Combining these conditions connects

equilibrium fluxes out of each state space,

〈1|wLD|p〉 = 〈1|wDL|p〉 = 〈1|wL|p〉 = 〈1|wD|p〉. (2.7)

The latter pair of equalities follows from probability conser-
vation associated with changes in site state.

A single molecule fluorescence study of this model sys-
tem would yield a binary trajectory of fluorescent and nonflu-
orescent states. Fluorescence is observed in any of the states
{Lα}, and no fluorescence is produced when the state is one of
{Dα}. The dwell time tL is the time elapsed between the on-
set of the fluorescent state and the succeeding transition to the
nonfluorescent state, which corresponds to the time elapsed
between conversion of reactant to product and desorption of
the product. Similarly tD is the time elapsed between de-
sorption of the product and the next conversion of reactant
to product. The equilibrium distribution of dwell times in D
is defined by5

fD(tD) ≡ 〈1|wLDe−wDtD wDL|p〉
〈1|wLD|p〉 , (2.8)

and is related to a simpler generating function gD(tD) by

fD(tD) = d2gD(tD)

dt2
D

, (2.9)

gD(tD) ≡ 〈1|sDe−wDtD sD|p〉
〈1|wD|p〉 . (2.10)

Equation (2.9) follows from differentiating Eq. (2.10) and ap-
plying Eqs. (2.3), (2.5), and (2.7). The mean dwell time in
state D is the first moment of fD(tD), given by

t̄D =
∫ ∞

0
dtDtfD(tD) = gD(0). (2.11)

The distribution of dwell times in L, fL(tL), is related to a gen-
erating function gL(tL) by the analogs of Eqs. (2.9) and (2.10)
with D ↔ L.

In order to define constrained mean dwell times, these
single-time distributions must be generalized to joint distribu-
tions for pairs of successive dwell times.5 For example, fLD(tL,
tD) is defined5 to be the joint probability distribution for an
equilibrium system that a dark period of duration tD is imme-
diately followed by a fluorescent period of duration tL,

fLD(tL, tD) ≡ 〈1|wDLe−wLtL wLDe−wDtD wDL|p〉
〈1|wLD|p〉 , (2.12)

and is related to a generating function gLD(tL, tD) by

fLD(tL, tD) = ∂2gLD(tL, tD)

∂tD∂tL
, (2.13)

gLD(tL, tD) ≡ 〈1|sLe−wLtL wLDe−wDtD sD|p〉
〈1|wD|p〉 . (2.14)

The corresponding distribution for tL to be followed by tD,
fDL(tD, tL), is obtained from Eqs. (2.12)–(2.14) with inter-
change of labels D and L. The constrained mean dwell time
t̄L<(τD) is defined to be the average dwell time in the fluo-
rescent state L under the condition that the immediately pre-
ceding dwell time in the dark state D is less than a specified
interval τD

t̄L<(τD) ≡
∫ ∞

0 dtLtL
∫ τD

0 dtDfLD(tL, tD)∫ τD

0 dtDfD(tD)
. (2.15)
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The denominator represents the total probability that a dwell
time in D satisfies tD < τD. If successive dwell times in D
and L are uncorrelated, fLD(tL, tD) = fL(tL)fD(tD), and t̄L<(τD)
equals the unconstrained mean t̄L as in Eq. (2.11) with D
→ L. In the limit τD → ∞, t̄L<(τD) approaches t̄L. In the
opposite limit τD → 0, t̄L<(τD) approaches a finite short-time
value. This constrained mean dwell time may be expressed
in terms of generating functions by performing the integral in
the numerator of Eq. (2.15) using Eq. (2.13) and by evaluating
the integral in the denominator of Eq. (2.15) using Eq. (2.9).
Subtracting t̄L from this result yields the difference between
constrained and unconstrained mean times,

�t̄L<(τD) ≡ t̄L<(τD) − t̄L = −t̄LġD(τD)− ∫ ∞
0 dtLgLD(tL, τD)

1 + ġD(τD)
.

(2.16)

The information content of �t̄L<(τD) may be understood
by evaluating Eq. (2.16) for S = 2 in the limit of static
disorder59–61 in which site state interconversion rates dαγ and
lαγ are much smaller than reaction rates kDγ

and product des-
orption rates kLγ

. In this limit, the matrices e−wDtD and e−wLtL

are diagonal, and the generating functions gD(tD) in Eq. (2.10)
and gLD(tL, tD) in Eq. (2.14) are evaluated to give

�t̄L<(τD) =
(

pL1pL2

〈1|wL|p〉
)

×
( (

kL1−kL2

) (
e−kD1 τD−e−kD2 τD

)
(
1−e−kD1 τD

)
kD1pD1+

(
1−e−kD2 τD

)
kD2pD2

)
.

(2.17)

The derivation of this result relies on the static limit of
Eq. (2.3) or (2.4), kDγ

pDγ
= kLγ

pLγ
. The equilibrium prob-

abilities pLγ
and pDγ

in general depend on the rate constants
for site state interconversion dαγ and lαγ , even in the limit in
which they approach zero. The constrained mean dwell time
difference in Eq. (2.17) approaches zero from either positive
or negative values. Significant information can be deduced
from its initial sign and from its asymptotic decay rate for
long τD. The initial algebraic sign is evident from Eq. (2.17)
to be the sign of the product (kL1 − kL2 )(kD2 − kD1 ). Either the
state with the larger reaction rate has the smaller product des-
orption rate as illustrated in Fig. 1, or the state with the larger
reaction rate also has the larger desorption rate. For the case
in which a particular state has the larger reaction rate but the
smaller desorption rate, �t̄L<(τD) > 0. In this case, for small
τD the constrained mean time selects a subset of sites with
rapid reaction and slow desorption. The mean time elapsed
from reaction to desorption for this subensemble is longer
than for the full ensemble, so that t̄L<(τD) > t̄L and their dif-
ference is positive. For the case in which the state with the
larger reaction rate also has the larger desorption rate, t̄L<(τD)
reflects a subensemble with rapid desorption. The mean time
elapsed from reaction to desorption is short compared to that
of the full ensemble, and �t̄L<(τD) approaches zero from
negative values. The sign of �t̄L<(τD) indicates the correla-
tion, if any, between reaction rate and desorption rate at a
site.

The asymptotic decay rate of �t̄L<(τD) also carries use-
ful information. For the case of well-separated rate constants
for both reaction and desorption such that k

big
D 	 ksmall

D and
k

big
L 	 ksmall

L , �t̄L<(τD) in Eq. (2.17) approaches zero with de-
cay constant ksmall

D . For times less than or of order of (kbig
D )−1,

t̄L<(τD) selects the subpopulation with a larger reaction rate,
but for times comparable to or larger than

(
ksmall

D

)−1
, this mean

reflects the entire ensemble, and selectivity is lost. Thus, the
rate constant for the slower of the two reaction processes may
be extracted from the long τD dependence of �t̄L<(τD).

The complementary constrained mean time between re-
action and desorption with the condition that the preceding
elapsed time to reaction exceeds a certain value τD is defined
similarly to Eq. (2.15) as

t̄L>(τD) ≡
∫ ∞

0 dtLtL
∫ ∞
τD

dtDfLD(tL, tD)∫ ∞
τD

dtDfD(tD)
. (2.18)

In the limit τD → 0, t̄L>(τD) approaches the unconstrained
average t̄L, and in the opposite limit of τD → ∞, it approaches
a finite asymptote. The difference between constrained and
unconstrained mean times is

�t̄L>(τD) = −t̄LġD(τD) − ∫ ∞
0 dtLgLD(tL, τD)

ġD(τD)
. (2.19)

This constrained time is readily interpreted for the S = 2 static
disorder case of Eq. (2.17),

�t̄L>(τD) =
(

pL1pL2

〈1|wL|p〉
)

×
( (

kL2 − kL1

) (
e−kD1 τD − e−kD2 τD

)
kD1e

−kD1 τDpD1 + kD2e
−kD2 τDpD2

)
.

(2.20)

If site state 1 has the larger reaction rate kD1 > kD2 , then
for τD ≥ (kD1 )−1, �t̄L>(τD) approaches a limit independent
of τD with the algebraic sign of kL1 − kL2 . If the site state
with larger reaction rate also has the larger product desorp-
tion rate, then �t̄L>(τD) starts at zero at τD = 0 and increases
to a positive asymptote. In this case, for large τD, t̄L>(τD)
reflects the subensemble with the smaller reaction rate and
hence the smaller product desorption rate. This subensem-
ble has a longer mean time to desorption than the full en-
semble, so that �t̄L>(τD) > 0. The asymptote is approached
for time scales comparable to the inverse of the larger reac-
tion rate kD1 . Thus the constrained time �t̄L<(τD) reaches its
long τD asymptote of zero with the smaller of the two reac-
tion rates, and the complementary quantity �t̄L>(τD) reaches
its nonzero asymptote at long τD with the larger of the two
reaction rates, providing distinct information. Conversely if
the state with larger reaction rate has the smaller product des-
orption rate, then �t̄L>(τD) decays to a negative value as τD

increases, also with the larger reaction rate. Expressions for
constrained time differences for the period between product
desorption and subsequent reaction �t̄D<(τL) and �t̄D>(τL)
can be obtained from the results just presented for �t̄L<(τD)
and �t̄L>(τD) with interchange of labels L↔ D.
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FIG. 2. Constrained mean dwell times are shown for a catalyst with one ac-
tive site and two internal states. Differences between constrained and uncon-
strained mean times are plotted. Solid curves are calculated for reaction rate
constants kD1 = 0.1 and kD2 = 0.01, for product desorption rate constants
kL1 = 1 and kL2 = 10, and for site state changing rate constants dαγ = lαγ

= 10−4. Time unit is k−1
L1

. Dashed curves are calculated for the same param-
eters, but with interchange of the values of kD1 and kD2 .

The characteristic appearances of plots of the four con-
strained mean times are shown in Fig. 2 for S = 2 and
for the limit of static disorder discussed in connection with
Eq. (2.17). The constrained mean times are shown as dif-
ferences from the unconstrained mean. The solid curves are
calculated for a case in which the site state with the faster
reaction rate has the slower product desorption rate: kD1

= 0.1, kD2 = 0.01, kL1 = 1, kL2 = 10. The time unit is k−1
L1

.
All rate constants for interchange of site states are small
enough not to contribute to the time dependences shown: lαγ

= dαγ = 10−4. The dashed curves are calculated with the val-
ues of kD1 and kD2 interchanged, and all other parameters with
the same values, so that for this case, the site state with the
faster reaction rate also has the faster product desorption rate.
The algebraic signs of these quantities are shown to indicate
correlations between rate constants for reaction and product
desorption.

The plots in Fig. 2 were calculated for static disorder.
The effects of increasing the rate constants for site state
transitions to introduce dynamic disorder are shown in Fig. 3
which displays the four constrained mean dwell times for the
same rate constants for reaction and desorption as used in
the solid curves in Fig. 2. The solid curves in Fig. 3 repeat the
solid curves from Fig. 2 with dαγ = lαγ = 10−4. These rates
are increased to dαγ = lαγ = 10−2 in the dashed curves and to
dαγ = lαγ = 10−1 in the dotted curves. Increasing these rates
decreases the time scales over which the constrained mean
times are selective, resulting in more rapid decays. In addi-
tion, the initial amplitudes of �t̄D<(τL) and �t̄L<(τD) and the
asymptotic large τL or τD limits of �t̄D>(τL) and �t̄L>(τD)
decrease in absolute magnitude with increasing dynamic
disorder. Figure 3 illustrates that even with dynamic disorder,
the qualitative appearance of the static calculations in Fig. 2
can be preserved. However, if the rate constants dαγ and lαγ

are much larger than the rate constants kDα
and kLα

, the con-
strained mean time differences need not decay monotonically,
and can change algebraic sign, resulting in a qualitatively
different appearance from Figs. 2 and 3. As shown below
in Sec. IV, monotonic decays are indeed observed for the
single-nanoparticle measurements of Refs. 23 and 28.
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FIG. 3. Constrained mean dwell times are shown for a catalyst with one ac-
tive site and two internal states. Differences between constrained and uncon-
strained mean times are plotted. Rate constants for reaction and desorption
have the same values as the solid curves in Fig. 2 , kD1 = 0.1, kD2 = 0.01,
kL1 = 1, and kL2 = 10. Rate constants for changing site states dαγ = lαγ are
increased from the value in Fig. 2 of 10−4 (solid) to 10−2 (dashes) to 10−1

(dots). Time unit is k−1
L1

.

III. MULTIPLE ACTIVE SITES

We generalize the preceding model with a single active
site to the case of N sites, and treat two limiting cases for
the fluctuation dynamics. In the model of correlated fluctu-
ations, all N sites occupy the same site state at any instant
and change states together, while in the model of independent
fluctuations, each of the N sites independently undergoes the
single-site dynamics of Sec. II. In both models we restrict the
state space to consider at most one site occupied by a prod-
uct fluorescent molecule to conform to the experimental con-
ditions of Chen and co-workers.23, 28 In the model of corre-
lated fluctuations, the system has S nonfluorescent states Dα ,
in which each of the N sites has state Dα for α = 1, . . . , S.
Each site has state α and is occupied by an adsorbed reac-
tant. There are NS fluorescent states Lαj , in which site j has
state Lα and all other sites have state Dα . Each site has state α

and site j has a product molecule, with all other sites occupied
by reactant. When only reactant molecules are adsorbed, all
sites change state together from γ to α with rate constant dαγ

and when one product molecule is adsorbed, this rate constant
is lαγ . The probabilities for nonfluorescent states are denoted
PDα

(t) and for fluorescent states PLαj
(t). The total probabil-

ity that one product molecule is adsorbed to any site with the
system in state α is then given by PLα(t) ≡ ∑N

j=1 PLαj
(t). Dy-

namical equations for this model may be written in the same
form as Eqs. (2.1) and (2.2) for N = 1, with renormalized rate
constants:

|Ṗ (t)〉 = w̃|P (t)〉, (3.1)

w̃ = −w̃D − wL + wDL + w̃LD. (3.2)

Here |P(t)〉 is a 2S-dimensional vector with elements PDα(t)
and PLα(t), wL and wDL are defined as for N = 1 in Eq. (2.2),
and w̃D and w̃LD differ only from wD and wLD for N = 1
in that kDα

is replaced by NkDα
. The model of N sites with

correlated fluctuations is equivalent to that for a single site,
with the reaction rate constant enhanced by a factor of N, since
reaction may occur at any of the N sites. The definition and

Downloaded 07 Nov 2011 to 128.253.229.236. Redistribution subject to AIP license or copyright; see http://jcp.aip.org/about/rights_and_permissions



174509-6 Ochoa et al. J. Chem. Phys. 135, 174509 (2011)

analysis of the constrained mean dwell times t̄L<(τD), t̄L>(τD),
t̄D<(τL), and t̄D>(τL) follow as for N = 1 in Sec. II with the
only modification that kDα

→ NkDα
.

For the model of N sites with independent fluctuations,
the complete state space has dimension (2S)N and is com-
posed of SN nonfluorescent states and (2S)N − SN fluorescent
states. The fluorescent states that are accessed experimen-
tally are the NSN states in which a single product molecule
is present. The full (2S)N-dimensional vector of probabilities
obeys the dynamical equation

|Ṗ (t)〉 = (−WD − WL + WLD + WDL) |P (t)〉, (3.3)

|P (t)〉 ≡
N∏

j=1

|p(j )(t)〉, (3.4)

Wx =
N∑

j=1

wx
(j ). (3.5)

In Eq. (3.4), the vector of multisite probabilities is written
as a direct product of the probability vectors for each site j.
Each |p(j)(t)〉 evolves according to the single-site dynamics in
Eq. (2.1). In Eq. (3.5), Wx represents WD, WL, WLD, or WDL,
and is written as a sum over all sites of the corresponding
single-site matrices in Eq. (2.2). Conditions of equilibrium
and probability conservation, analogous to those for N = 1
in Eqs. (2.3)–(2.7) with wx replaced by Wx and |p〉 replaced
by |P〉, are valid here. We define idempotent projection matri-
ces for the N site system as direct products of the single-site
projectors sD and sL, defined preceding Eq. (2.3),

SD ≡
N∏

j=1

sD
(j ), (3.6)

S1L ≡
N∑

i=1

∏
j �=i

sL
(i)sD

(j ), (3.7)

where, for example, sD
(j) acts on states of site j. The matrix

SD projects into the subspace of states in which all sites are
D, and S1L projects into the experimentally accessed subspace
of states in one site is L and the rest are D.

The distribution of dwell times in a fluorescent state in
which one site is occupied by a product molecule and the rest
are occupied by reactants is given, by analogy to the N = 1
case in Eq. (2.8), by

FL(tL) ≡ 〈I |WDLe−WLtL WLD|P 〉
〈I |WDL|P 〉 , (3.8)

with 〈I| the direct product of site vectors 〈1| is defined fol-
lowing Eq. (2.6). This result may be simplified by defining a
dynamical matrix �L = S1LWLS1L that acts only in the sub-
space of fluorescent states in which a single site is occupied
by a fluorescent product molecule. The matrix �L describes
dynamics at the single site with adsorbed product, either des-
orption or changes in site state, and no dynamics at the other
sites occupied by reactants. Its action can be related to that
of the full dynamical matrix in the space of all fluorescent
states WL. In particular, WL|P〉 = �L|P〉, which can be veri-
fied as follows. Because of the equilibrium condition, WL|P〉

= WLD|P〉, which is

N∑
i=1

wLD
(i)|p(i)〉

∏
j �=i

sD
(j )|p(j )〉 =

N∑
i=1

wL
(i)|p(i)〉

∏
j �=i

sD
(j )|p(j )〉

=
N∑

i=1

wL
(i)S1L|P 〉 ≡ �L|P 〉.

(3.9)

The first equality in Eq. (3.9) follows from the equilibrium
condition for a single site in Eq. (2.4), and the second equality
from the definition of the projector S1L in Eq. (3.7). It is also
the case that 〈I|WL = 〈I|�L,

〈I |WL = 〈I |WDL =
N∑

i=1

∏
j �=i

〈1(j )|sD
(j )〈1(i)|wDL

(i)

=
N∑

i=1

∏
j �=i

〈I |S1LwL
(i) = 〈I |�L. (3.10)

These equalities permit the distribution of dwell times in the
fluorescent state for N sites in Eq. (3.8) to be readily expressed
in terms of properties of a single site,

FL(tL) = d2GL(tL)

dt2
L

, (3.11)

GL(tL) ≡ 〈I |S1Le−�LtL S1L|P 〉
〈I |�L|P 〉 = gL(tL). (3.12)

The second equality in Eq. (3.12) follows from the defini-
tion of �L and shows that GL(tL) is independent of N for
this model. Therefore, under the condition that at most one
site holds a fluorescent product molecule, the distribution of
dwell times in the fluorescent state for N sites is the same as
the result for one site, given in Eq. (2.9) with L replacing D.

In contrast to the distribution of tL, the distribution of tD
for N independently fluctuating sites does depend on N,

FD(tD) = 〈I |WLDe−WDtD WDL|P 〉
〈I |WDL|P 〉 = ∂2

∂t2
D

GD(tD), (3.13)

GD(tD) ≡ 〈I |SDe−WDtD SD|P 〉
〈I |WD|P 〉

= gD(tD)
(ED(tD))N−1

N
, (3.14)

ED(tD) ≡ 〈1|sDe−wDtD sD|p〉
〈1|sD|p〉 . (3.15)

In Eq. (3.14), the generating function for N sites GD(tD) is
written in terms of that for one site gD(tD), defined as in Eq.
(2.10). The N-dependence of this generating function orig-
inates in the dynamics of each of the N adsorbed reactants
having the possibility of undergoing chemical reaction. ED

defined in Eq. (3.15) is a normalized decay reflecting the av-
eraged reaction dynamics at a single site. In the large N limit,
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(ED(tD))N can be evaluated through a first-order cumulant ap-
proximation to ED with a quadratic correction,

(ED(tD))N ≈ exp(−NtD/t̄D)
(
1 + Nσ 2

wD
t2
D/2 + · · ·) ,

(3.16)

σ 2
wD

≡ 〈1|wD
2|p〉

〈1|sD|p〉 − (t̄D)−2
, (3.17)

with t̄D referring to a single site. For large N, (ED(tD))N−1

≈ exp(−NtD/t̄D), since in this limit the quadratic correction
for tD ≈ t̄D/N is of order N−1, and therefore negligible.

The joint distributions of successive dwell times are de-
fined by analogy with the single-site case in Eq. (2.12), and
are related to single-site quantities by

FDL(tD, tL) = ∂2

∂tL∂tD
GDL(tD, tL), (3.18)

GDL(tD, tL) ≡ 〈I |SDe−WDtD WDLe−�LtL S1L|P 〉
〈I |WLD|P 〉

= gDL(tD, tL) (ED(tD))N−1 , (3.19)

FLD(tL, tD) = ∂2

∂tL∂tD
GLD(tL, tD), (3.20)

GLD(tL, tD) ≡ 〈I |S1Le−�LtL WLDe−WDtD SD|P 〉
〈I |WLD|P 〉

= gLD(tL, tD) (ED(tD))N−1 . (3.21)

The generating functions for N independent sites GDL and
GLD are modified from their N = 1 forms by the normal-
ized decay factor (ED(tD))N − 1. The constrained mean times
are defined similarly to the N = 1 case in, e.g., Eq. (2.15).
The mean time in the fluorescent state given that the previous
time in the nonfluorescent state is less than a specified value
is related to single-site dynamical quantities by

t̄L<(τD) ≡
∫ ∞

0 dtLtL
∫ τD

0 dtDFLD(tL, tD)∫ τD

0 dtDFD(tD)
, (3.22)

�t̄L<(τD) = (ED(τD))N−1

×
(

−t̄LġD(τD) − ∫ ∞
0 dtLgLD(tL, τD)

1 + (ED(τD))N−1ġD(τD)

)
.

(3.23)

At N = 1 this reduces to the single-site expression in
Eq. (2.16). For S = 2 and static disorder, as in Eq. (2.17),
Eq. (3.23) becomes

�t̄L<(τD) =
(

e−NτD/t̄DpL1pL2

〈1|wL|p〉
) ( (

kL1 − kL2

) (
e−kD1 τD − e−kD2 τD

)
(
1 − e−kD1 τDe−NτD/t̄D

)
kD1pD1 + (

1 − e−kD2 τDe−NτD/t̄D
)
kD2pD2

)
. (3.24)

This expression includes the first-order cumulant approxima-
tion in Eq. (3.16). �t̄L<(τD) decays to zero from either a pos-
itive or a negative initial value. The sign of �t̄L<(τD) is deter-
mined by the identical criteria discussed for the N = 1 case
in Eq. (2.17). For a separation of time scales in reaction rates,
k

big
D 	 ksmall

D , for N = 1, the asymptotic decay rate is k
big
D . For

N sites in Eq. (3.24), the asymptotic decay rate is approxi-
mately larger by a factor of N, N/t̄D ≈ Nk

big
D . The conjugate

constrained mean time in the fluorescent state given that the
preceding time in the nonfluorescent state exceeds τD is de-
fined for N independent sites as

t̄L>(τD) ≡
∫ ∞

0 dtLtL
∫ ∞
τD

dtDFLD(tL, tD)∫ ∞
τD

dtDFD(tD)
. (3.25)

The decay factor (ED(τD))N − 1 in Eq. (3.23) enters multiplica-
tively in both numerator and denominator of this expression,
and cancels leaving a result independent of N and therefore
equals to the N = 1 result in Eq. (2.19).

The mean time in the nonfluorescent state given that the
preceding time in the fluorescent state does not exceed a value

τL is written in terms of single-site dynamics as

�t̄D<(τL) = −t̄DġL(τL)/N− ∫ ∞
0 dtDgDL(tD, τL)(ED(tD))N−1

1+ġL(τL)
.

(3.26)

In the N → ∞ limit, this quantity must vanish at all times, be-
cause in this model there is no correlation between a product
desorption event at one site, which terminates a fluorescent
period, and a chemical reaction at a different site that termi-
nates the following nonfluorescent period. Demonstrating this
N dependence requires including the quadratic correction in
Eq. (3.16). For two states and in the limit of static disorder,
�t̄D<(τL) for N sites is related to that for one site by

�t̄D<(τL) ≈ kD1kD2

(
t̄D

N

)2

(�t̄D<(τL))N=1 . (3.27)

This result does not reduce to the single-site result for N = 1
as it only holds for large N. �t̄D<(τL) has the same algebraic
sign and decay rates as for N = 1 but with reduced amplitude
reflecting the contributions from uncorrelated events at differ-
ent sites. The conjugate constrained mean time in the nonflu-
orescent state given that the preceding time in the fluorescent
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FIG. 4. Discrete points show constrained mean dwell time differences in the
nonfluorescent state at τL = 1 for catalysts with N active sites, each with
two internal states. Rate constants for reaction and desorption have the same
values as the solid curves in Fig. 2, kD1 = 0.1, kD2 = 0.01, kL1 = 1, and
kL2 = 10, as do rate constants for changing site states, dαγ = lαγ = 10−4.
Solid curves are fits to the form ∝N−2. Time unit is k−1

L1
.

state exceeds τL is

�t̄D>(τL)= −t̄DġL(τL)/N− ∫ ∞
0 dtDgDL(tD, τL)(ED(tD))N−1

ġL(τL)
.

(3.28)

In the static limit for two states and for N 	 1, �t̄D>(τL) is
related to the mean time for a single site by the same factor as
in Eq. (3.27),

�t̄D>(τL) ≈ kD1kD2

(
t̄D

N

)2

(�t̄D>(τL))N=1 . (3.29)

The algebraic sign and decay times are the same as for N
= 1, but the amplitude is reduced by the same factor of N2

as in Eq. (3.27). The validity of Eqs. (3.27) and (3.29) is as-
sessed in Fig. 4, which shows the N-dependence of �t̄D<(τL)
and �t̄D>(τL) at τL = 1 for the model of independent fluc-
tuations with the same parameters used in the solid curves of
Fig. 2. Discrete points show exact results, and the solid curves
show numerical fits to ∝ N−2. Large N behavior is shown to
be valid for N as small as 10.

We can now compare qualitatively the four constrained
mean times for N active sites with either correlated or in-
dependent site state fluctuations. For simplicity, we consider
the limit treated in Fig. 4 with S = 2 and static disorder. We
consider two attributes: the algebraic signs of the constrained
mean time differences and the asymptotic decay rates, assum-
ing a separation of time scales in both reaction and desorp-
tion dynamics, k

big
D 	 ksmall

D and k
big
L 	 ksmall

L . Both models
predict the same algebraic signs of the four constrained mean
time differences, which are as shown for N = 1 in Fig. 2. Thus
these algebraic signs are insensitive to correlations among dy-
namic fluctuations. The asymptotic decay rate for �t̄D<(τL) is
ksmall

L for both models, and that for �t̄D<(τL) is k
big
L for both

models. Qualitative analysis of the constrained mean times
in the dark state does not allow a simple distinction between
the two models. However, the two models differ in the de-
cay rates for constrained mean times in the light state. In
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FIG. 5. Constrained mean dwell times in the fluorescent state are shown for a
catalyst with N = 256 active sites, each with two internal states. Differences
between constrained and unconstrained mean times are plotted. Rate con-
stants for reaction and desorption have the same values as the solid curves in
Fig. 2, kD1 = 0.1, kD2 = 0.01, kL1 = 1, and kL2 = 10, as do rate constants
for changing site states, dαγ = lαγ = 10−4. In panel A, all sites change states
simultaneously, while in panel B, sites change states independently. Solid
lines show �t̄L<(τD) and dashes show �t̄L>(τD). Time unit is k−1

L1
.

the model of correlated fluctuations, �t̄L<(τD) has asymptotic
decay rate Nksmall

D and �t̄L>(τD) has asymptotic decay rate
Nk

big
D . In the model of independent fluctuations, �t̄L<(τD) has

asymptotic decay rate Nk
big
D and �t̄L>(τD) has asymptotic de-

cay rate k
big
D . Thus, for large N and in the static limit �t̄L<(τD)

decays more slowly than �t̄L>(τD) for correlated fluctuations,
but �t̄L<(τD) decays more rapidly than �t̄L>(τD) for indepen-
dent fluctuations. These differing predictions are illustrated in
Fig. 5, which shows �t̄L<(τD) (solid lines) and �t̄L>(τD)
(dashed lines) for kD1 = 0.1, kD2 = 0.01, kL1 = 1, and kL2

= 10 with lαγ = dαγ = 10−4 for N = 256 active sites. Panel A
was calculated for correlated fluctuations, and panel B shows
results for independent fluctuations. In panel A, �t̄L>(τD) has
the faster decay, while in panel B, �t̄L<(τD) decays more
quickly. If experimental data show that one of �t̄L< or �t̄L>

decays significantly more rapidly than the other, it will be pos-
sible to determine which of these models is the more appro-
priate description.

The two models of correlated and independent fluctua-
tions are limiting cases of a more general model that inter-
polates between these limits. Here the N sites are composed
of J domains each of identical size M, so that N = JM. Site
states fluctuate in a correlated fashion within a domain, but no
correlation exists between domains. Constrained mean dwell
times for this model may be obtained from results already
presented as follows. A result for the domain model is ob-
tained from the corresponding quantity for the model of inde-
pendent fluctuations by replacing the number of sites N with
the number of domains J and replacing all single-site quan-
tities with the corresponding result for the correlated fluctu-
ation model with N replaced by M. With this procedure, the
asymptotic decay rate for �t̄L<(τD) becomes approximately
(J − 1)Mk

big
D + Mksmall

D . This result is correct at J = 1 and
for J 	 1, but not necessarily for intermediate values. For J
= 1 and M = N, the result for the correlated model Nksmall

D is
recovered, while for J = N and M = 1 the result for the model
of independent fluctuations (N − 1)kbig

D → Nk
big
D is obtained.

The asymptotic decay rate for the conjugate time �t̄L>(τD)
is Mk

big
D , which likewise interpolates between the correlated

fluctuation result of Nk
big
D and the independent fluctuation re-

sult of k
big
D . Since the two limiting models make opposite pre-

dictions for which of �t̄L<(τD) and �t̄L>(τD) decays most
rapidly, the domain model must display a crossover such that
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FIG. 6. Constrained mean dwell times in the fluorescent state are shown for
a catalyst with N = 256 active sites, each with two internal states. Differences
between constrained and unconstrained mean times are plotted. All rate con-
stants are identical to those in Fig. 5. The system is composed of 4 domains
of 64 sites each, with site fluctuations correlated within a domain and uncor-
related between domains. Time unit is k−1

L1
.

for certain values of J and M, the two times have similar decay
rates. Such dynamics are shown in Fig. 6 in which the num-
ber of sites and rate constant values are identical to those in
Fig. 5, but with J = 4 equivalent domains of size M = 64.
For this case, �t̄L<(τD) and �t̄L>(τD) have comparable decay
times.

IV. SINGLE TURNOVER NANOPARTICLE
MEASUREMENTS

We have calculated constrained mean dwell times from
single-turnover fluorescence trajectories measured by Chen
and co-workers23, 28 for the reductive N-deoxygenation of the
nonfluorescent reactant resazurin to the fluorescent product
resorufin, catalyzed by a spherical gold nanoparticle. Con-
strained mean dwell times were computed from trajectories
for individual nanoparticles, and then averaged over the en-
semble of trajectories for nanoparticles of the same diameter
and with the same reactant concentrations. At least 50 trajec-
tories were averaged for each diameter. The mean dwell times
t̄L and t̄D show saturation behavior as a function of reactant
concentration,23, 28 and only data in the saturation regime are
analyzed here. Results are presented in Figure 7 for diame-
ters and resazurin concentrations 6.0 ± 1.7 nm and 1.2 μM
(solid lines), 9.1 ± 1.5 nm and 0.4 μM (dotted lines), and
13.7 ± 2.4 nm and 0.4 μM (dashed lines). All times are given
in seconds. Zhou et al.28 observed a significant difference be-
tween the catalytic deactivation of particles with the smallest
diameter and with the two larger diameters. For particles of
the two larger diameters, t̄D is found to increase during the
course of the measurement on the time scale of tens of min-
utes, indicating that the catalyst becomes deactivated in time.
Since t̄L does not show this time dependence, poisoning of
the catalyst by reaction products other than resorufin has been
proposed as a cause.28 For the 6 nm diameter particles, such
deactivation occurs detectably only on times longer than three
hours, providing a sufficient time window to collect data with-
out significant deactivation. The curves in Fig. 7 for the three
particle diameters have the same algebraic sign and qualitative
appearance. The models of Secs. II and III could be modified
to include an irreversible deactivation process when a site is
in the dark state. However, to simplify the interpretation, we
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FIG. 7. Constrained mean dwell times are calculated from single-turnover
measurements of the catalysis by spherical gold nanoparticles of the con-
version of resazurin to resorufin. The nanoparticle diameter is varied from
6.0 nm (solid lines) to 9.1 nm (dotted lines) to 13.7 nm (dashed lines).

will focus attention on the data for the particles with 6 nm
diameter for which deactivation is negligible.

The data in Fig. 7 for particles of diameter 6 nm are re-
plotted as the open squares in Fig. 8. As in Fig. 7, all times
are given in seconds. Dashed curves show fits to empirical
functional forms, �t̄j<(τ ) = C1e

−k1τ + C2e
−k2τ and �t̄j>(τ )

= C3(1 − e−k3τ )/(C4 + e−k3τ ). For j = L, C1 = 0.0426 s, C2

= 0.104 s, C3 = −0.0744 s, C4 = 2.00, k1 = 0.217 s−1,
k2 = 1.18 s−1, k3 = 1.835 s−1. For j = D, C1 = 0.373 s,
C2 = 0.926 s, C3 = −0.0287 s, C4 = 0.0477, k1 = 1.66 s−1,
k2 = 7.83 s−1, k3 = 9.37 s−1. In Sec. III, we demonstrated
that constrained mean dwell times are sensitive to correlations
among dynamic fluctuations at different active sites in a cat-
alyst with multiple active sites. In particular, we showed that
for N sites with completely correlated fluctuations, �t̄L >(τD)
decays more rapidly than �t̄L <(τD), while for completely in-
dependent fluctuations, �t̄L >(τD) decays more slowly than
�t̄L <(τD). A qualitative comparison of these two quanti-
ties indicates the importance of dynamic correlations among
events at different active sites. These two quantities for 6 nm
particles are shown in the two left-hand panels of Fig. 8,
which demonstrate that �t̄L >(τD) decays more rapidly than
�t̄L <(τD). Similar trends are also clear for gold nanoparti-
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FIG. 8. Constrained mean dwell times are shown as open squares for gold
nanoparticles of diameter 6 nm. Dashed lines show empirical fits and solid
lines show fits to a two-state kinetic model with dynamic disorder.
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cles of diameter 9 and 14 nm, as shown in Fig. 7. These data
are thus more consistent with a scenario in which state fluc-
tuations among active sites are correlated, than with a pic-
ture in which the fluctuations occur entirely independently. In
Sec. III, we showed that in the model of completely correlated
fluctuations, the number of active sites N enters only as a scal-
ing factor multiplying rate constants, so that in principle the
data in Fig. 8 are also consistent with the case of N = 1, with
each nanoparticle having a single active site. However, this
is not the case, since several product molecules are occasion-
ally observed23 simultaneously on single 6 nm nanoparticles,
indicating the presence of a multiplicity of sites. The present
analysis therefore indicates correlated dynamics at active sites
on gold nanoparticles.

The solid curves in Fig. 8 show least-squares fits to the
predictions of the kinetic model of Sec. III with S = 2, N
sites, and completely correlated fluctuations. The limit of
static disorder is not assumed to hold, so that, for example,
�t̄L <(τD) is calculated from the general form in Eq. (2.16)
rather than from the simplified static limit in Eq. (2.17).
The resulting parameter values are NkD1 = 6.30 s−1, NkD2

= 0.176 s−1, kL1 = 1.45 s−1, kL2 = 2.48 s−1, d12 = 0,
d21 = 0.147 s−1, l12 = 0.516 s−1, l21 = 0.861 s−1. The fit was
carried out subject to the conditions that the unconstrained
mean dwell times be near to the experimental values t̄L
= 0.48 s and t̄D = 4.28 s. The solid curves in Fig. 8 yield
unconstrained mean times t̄L = 0.47 s and t̄D = 4.31 s,
close to the correct values. The fitted rate constant values
describe a system near to the limit of static disorder, in which
rate constants for site state changes, lαγ and dαγ are small
compared to rate constants for reaction kDα

and product
desorption kLγ

. In particular, the rate constant for leaving a
particular state because of changes in site state is smaller than
the rate constant for leaving that state because of reaction or
desorption, for example, l12 < kL2 . Figure 8 demonstrates
that a two-state model provides a qualitatively reasonable
but not a quantitative fit to constrained mean dwell times for
single nanoparticles.

The applicability of the S = 2 model to nanopar-
ticle catalysis and the significance of the values of the
fitted rate constants in Fig. 8 may be further assessed
by considering another quantity that is extracted from bi-
nary fluorescence trajectories, the dwell time autocorrelation
function1, 5, 15, 23, 36, 37, 62 Cj(n) with j indicating D or L,

Cj (n) ≡ tj (1)tj (n + 1) − t̄2
j . (4.1)

Here tj(1) is a particular dwell time in state j in a fluorescence
trajectory and tj(n + 1) is the dwell time in the same state
that occurs immediately after the next n dwell times in the
other state. In the absence of any disorder, this quantity van-
ishes, and in the presence of static disorder, it is independent
of n. The decay of Cj(n) to zero with increasing n indicates
the presence of dynamic disorder. For the S = 2 model, these
two normalized autocorrelation functions are identical.5, 15 As
the static limit is approached and for n 	 1, the two autocor-
relation functions take the form5, 15

CL(n)

CL(1)
= CD(n)

CD(1)
≈ e−n/n0 , (4.2)

1

n0
= d12

kD2

+ d21

kD1

+ l12

kL2

+ l21

kL1

. (4.3)

The reciprocal of the characteristic number of turnovers n0

that quantifies the decay of the autocorrelation functions is
written in Eq. (4.3) as the sum of ratios of a rate constant
representing probability loss out of a particular state from
changes in site state (dαγ or lαγ ) to a rate constant representing
probability loss from that same state because of either reaction
or desorption (kDγ or kLγ

).
Xu et al.23 determined that for a nanoparticle with di-

ameter 6 nm, CD(n) and CL(n) decay exponentially with n0

taking on the values 12.5 and 2.6 for D and L, respectively.
Three conclusions may be drawn from this experimental find-
ing. First, because these autocorrelation functions decay with
increasing n, the nanoparticle catalytic dynamics are charac-
terized by dynamic disorder. Second, because n0 > 1 in each
case, the processes that lead to dynamic disorder are slow
relative to reaction and desorption of product. Third, since
CD(n) and CL(n) decay differently, these kinetics cannot be
fully modeled with a model of discrete dynamic disorder with
only two states. As shown in Eqs. (4.2) and (4.3), for this case
these two autocorrelation functions would decay identically
with n. For S > 2, this model can yield dwell time autocorre-
lation functions with differing decay rates. The S = 2 model
provides a reasonable qualitative interpretation for the con-
strained dwell times, but a simultaneous description of the
dwell time autocorrelation functions would require expand-
ing the model to include additional site states. A complete
analysis of the measured dwell time correlation functions is
deferred to future work. However, the values of the rate con-
stants used in the solid curves in Fig. 8 are in qualitative agree-
ment with the correlation function data in the sense that rate
constants for site state changes are smaller than those for re-
action and product desorption, confirming that the kinetics are
near the limit of static disorder.

Constrained mean dwell times calculated from the
nanoparticle data support the interpretation of the autocorre-
lation function results in Ref. 23 that adsorption sites exist in
several functionally different types. Figures 7 and 8 show that
�t̄L <(τD) and �t̄D <(τL) decay to zero from positive values
and that �t̄L >(τD) and �t̄D >(τL) decay from zero to nega-
tive asymptotes. As shown by the calculations in Fig. 2, these
signs indicate that the rate at which a reactant molecule under-
goes the catalytic reaction is inversely correlated with the rate
of desorption of the resulting product molecule; a relatively
rapid reaction event produces a relatively slowly desorbing
product molecule. This qualitative conclusion is supported
by the values of the rate constants used to generate the solid
curves in Fig. 8. In these fits to the S = 2 model, kD1 > kD2 , so
site state 1 has the more rapid reaction, but kL1 < kL2 so site
state 1 has slower desorption. This finding is consistent with
a scenario in which reactions with lower activation barriers
produce more stable surface-bound species.

The constrained mean dwell times also confirm the in-
terpretation of the autocorrelation functions23, 28 in indicating
the presence of dynamical processes that alter the condition of
adsorbed reactants and products. These dynamics may arise
in principle either from a mechanism in which the adsorption
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sites change identity through surface reconstruction of the
nanoparticle32–35 or from a mechanism in which the sites are
static, but mobile adsorbates can sample sites of different
types,63 or from some combination of these two limiting
cases. The present analysis does not distinguish between
dynamics of the nanoparticle and dynamics of adsorbates.
Xu et al.23 have measured the dependence of decay times of
CL(n) and CD(n) on turnover rate. These autocorrelation func-
tions decay increasingly rapidly as the reactant concentration
is increased, consistent with a scenario of adsorbate-induced
surface restructuring and not with dynamics arising from
motion of reactant molecules. Raising reactant concentration
increases the fraction of filled sites, hindering possible relax-
ation through translational motion. This interpretation of dy-
namic disorder arising from surface reconstruction is further
supported by the observation that autocorrelation function
decay rates decrease with increasing particle diameter.28 Our
finding that dynamical fluctuations at different active sites are
correlated is also consistent with the surface reconstruction
mechanism, as surface dynamics in metal nanoparticles can
involve the entire particle, and are thus nonlocal.35 The
constrained mean dwell time analysis of single nanoparticle
fluorescence turnover trajectories quantifies the role of
disorder and of dynamical fluctuations in these kinetics.

V. CONCLUSIONS

The analysis of binary fluorescence trajectories requires
the identification of quantities that emphasize different as-
pects of the underlying kinetics.4, 5, 8, 11–15, 18, 19, 36–58 Correla-
tion functions of dwell times have been demonstrated previ-
ously to provide a direct probe of the dynamical processes
that alter reactivity.6, 23 The constrained mean dwell times
discussed here provide complementary information in em-
phasizing correlations between rates of reaction and rates of
desorption and additionally identifying the presence of cor-
related fluctuations among distinct active sites. Consistency
between binary fluorescence trajectories and a proposed ki-
netic scheme can be rigorously tested by requiring the model
to predict correctly both dwell-time correlation functions and
constrained mean dwell times.

Our constrained mean dwell time analysis of single
nanoparticle kinetic data with a model of discrete states and
dynamic disorder confirms that active sites exist in several
states. States associated with rapid reaction are associated
with slow desorption of the resulting product. These states
interconvert through a dynamical process producing fluctu-
ations that are correlated among several active sites. Lab-
oratory observations23, 28 are consistent with the interpreta-
tion that these dynamics result from surface reconstruction of
the nanoparticle.32–35 Our results are based on a phenomeno-
logical kinetic model that does not address the microscopic
nature of the disorder in active sites nor of the dynamical
processes that affect them. Our findings, such as the inverse
correlation of reaction rate constant with product desorp-
tion rate constant, represent constraints that must be satis-
fied by any more microscopic picture of catalysis by metal
nanoparticles.
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